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# Def."” :- Scalar field :

At each point P of a certain region R, we may associate ( by any law ) a scalar denoted
by f(P), then we say that f is a scalar point function for the region R. The point P
in the region R together with the function value f(P) will form a scalar field over R.

# Examples + The temperature T" within a body B is a scalar field, namely,
the temperature field. The another examples are mass distribution in a body, electric
potential of a system of charges, etc.

# Def.” :- Vector field :

Let a vector ? P) be assigned to each point P of a set of pomts in space either lying on

a curve, a surface or a three dimensional region, then ? ) is called a vector function
and we can say a vector field is defined at those set of points.

# Examples + Examples of vector fields are velocity field of a moving particle,
force field defined by forces acting on a body, gravitational field defined by a system of
particles under the action of gravity.

# Gradient of a scalar point function :

Let a scalar field be defined by the scalar point function ¢(x,y, z) of the co-ordinates
x, y, z which is also deﬁned and differentiable at each point (x,y, z) in some region of
space. The vector function ¢ a“b + ] —|— k af is called the gradient of the scalar

point function ¢, where z, j and k: are three mutually perpendicular non-coplanar
unit vectors.
This gradient is frequently written in operational notation as

0 d ~ 0
grad¢—(za—+j 3y l{:&>¢

Using the differential operator

~ 0 g ~ 0 .
e—za——i—ja k&,wemaywrlte gradgb-?gb.

# Geometrical interpretation of ?gb :

We consider a surface represented by the equation ¢(z,y, z) = ¢ (constant),
= dp=0, = Ldr+ P dy+%d==0,
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= ( 8¢+] 8¢+/€ a¢> -@dx—i—}dy—f—/k\:dz) =0,

= Vo-d7 =0,

where 7 = z 7 + Y j + 2z k is the position vector of any point P on the surface
¢(x,y,z) = c. Now d7 is the arbitrary vector along the tangent plane to the surface
¢(z,y,z) = c at the point (z,y, 2).

Since V ¢ is perpendicular to arbitrary line on the tangent plane to the surface
¢(z,y,2) = c at the point P(x,y,z), so ?qﬁ is perpendicular to the tangent plane.
Hence V¢ is normal to the point at (x,y, z).

# Def."” :- Directional derivative :

Let ¢(z,y,z) be a scalar point function and @ be a given unit vector. Then the di-
rectional derivative of ¢ along the unit vector @ at the point (xg, yo, 29) is defined by

€¢(l‘oay0, Z20) - @
The maximum value of the directional derivative of ¢ at the point (xg, 3o, 20) is given
by [V 6(x0, 50, 20)|

The direction of ¢ at (xg, yo, 20) attained in maximum value is given by Y blxo.0.20)

IV é(z0,0,70)|
# Def.” :- Divergence of a vector field :

Let ?({E, y,z) be a dlfferentlable vector function of the Cartesian co-ordinates (z, vy, )

in space and ? = F i+ 5 ] + Fj k. Then divergence of ? denoted by le? and
defined by

F F: F:
div? = ? . ? = ok + OF, + OF , which is the scalar function of =z, y, z
ox oy 0z

# Note-1: V. F#F.V.
# Def."” :- Solenoidal vector :

A vector field ? is said to be solenoidal vector, if div ? = ? . F = (0 everywhere in

the space considered.
# Example : If we take F = y?2% + 2222 + 2%k, then

O ooy, 9 a0
div F = ?? 8xyz —l—ay(zx)—l—az(my)—o.

So the vector field ? is a solenoidal vector.
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# Def.” :- Curl of a vector field :

The curl of a vector function ? = F i+ 5 /j—l— F; % is a vector function denoted by
curl F ( or rot F ) and is defined by

curl? ? ? (z—+ a—(ybija—f)x(Fl/i\—l—Fg;jLFg/k?)

_ g 229 /;; (8F3 an) o <@F1 (9F3) g (3FQ 0F1) P
oz oy oz |\ A, T 4. 9. 9, . T o :
F sz; Fy dy 0z 0z Ox ox Ay

# Def.” :- Irrotational vector :

%
A vector field ? is said to be irrotational vector, if curl F = ? X ? = 0 everywhere
in the space considered.

# Example : I we take F = 2% + %] + 2%k, then

iy k
curlﬁzexﬁz a% 62 %
e

_ (92 0N 5 (02 92N - (O 0%\ &
S\ 0y 0z 9. ox)’ dr Oy -
So the vector field ? is an irrotational vector.

# Def.” :- Laplacian operator :

The scalar differential operator _V>2 = ? . ?, where ? =7 a% + ; a% +k % is called
the Laplacian operator.
If ¢ is a continuously differentiable scalar point function of x, y, z, then

V= (F.9)0=7 (Vo) =224 20,72

8 022

# Def.” :- Harmonic function & Laplace’s equation :

If ¢ be continuously differentiable scalar point function of x, y, 2z and is satisfies the
equation V21 = 0, then ¢ is called a harmonic function and the equation V?i) = 0
is called Laplace’s equation.
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# Note-2 : 1f ? be a vector point function, then 62? will mean ? (? . ?)
or grad (div?).

# Question :- Prove that for vector functions X , B and a scalar function ¢,

(i) div(¢A) = ¢ divA + A -grad ¢ ie, V-(0A) =6 V- A+ A - Vo
(11) curlgbz gbcurlZ—i—gradgzﬁxZ ie., ?x qu gb? Z+?¢><Z

(141) gradXB churlﬁ ﬁxcurlﬁ—i—ﬁ??—i—??ﬁ
?Zﬁ A x (V x §+§ (V % Z Z?§+§?Z

(iv) div(Ax B) = B- curl A — A- cwl B ie., V-(AxB) = B-(VYx A)— A-(Vx B).
W) cul(AxB)=Vx(AxB)= AN -B)-B(V-A)+(B-V) A - (A.¥)B.
(vi) curl grad 6 = 0 ie, V x (V) =

(vi )dlvcurIX—O ie., 2 ? X = 0.

(viid) curl curl 4 = grad de VA ie, Vx (Vx A)=V(V-A) - V24,

# Note-3: V=724 2+k2=-Y72.
# Answer :- (i) €-<¢Z>:¢€-Z+Z-€¢.
(o A) = (D7) () =X g (A) =TT 5 (o)
z.{%zwﬂ}:z“@m SEEL
¢

Z ox ! ox Or
N e ZA%Z:(ZA?) At (ZAaﬁ)Z
=(Z7§) 6 A+oV - A=V A+9V 4.
Hence €-<¢X>:€¢-z+¢€-z. Proved)
# Answer :- (i7) ? <¢X> qﬁ?xﬁ—i—?gﬁxﬁ.
Vx (67) = (S 750) < (07) = X 7 g (67) = X Tx 5 (67)
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Y {8¢X ﬁz} ZA i T P

Sy zmzzx (XA ) Ao (X)) <A
( ?%)gbxﬁ—kqﬁ? Z €¢XZ+¢? Z
Hence ( ) 6V x A+Véx A . (Proved)

# Answer :-

V(4. B)= (€x§)+§x(€XZ)+<ZV>§+(§V)Z.
V(A B)-(Ti,) (@ F) -, (1 F)
_Z {8X B4+, 8?} ZAE)Z B ZA8§ (1)
Now  Ax(FxB) = A{(X 7 2) < ) - m(z@x_x)
x foe e ) {1 )l
—ZA@@ (7-273) ZAaﬁ A-(1.9)8.
o i GG (FT) 4 (A 9) T o
sty Y704 BT (Fx )+ (B9) 7. o

From (1), (2) and (3), we have

?(X?) :Zx<€ x?)—i—?x(? XZ)—F(Z?) ?—F(?-?)Z.(vaed)
# Answer :- (zv)?(ﬁxﬁ) zﬁ(?x2>—ﬁ(€x§>
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Honee e(z §> B(x A) 4T < B)

# Answer :- (v
X

. (Proved)

S (AnB) -1 (3-B)-B (3 A)+ (3.-9)1- (1.9)F

V(A B) = (L) < (AxF) =%
DR N LA SN (23
:Z;x(zx%_f)_zzx@xg_f)

_ {Ggg)z_@zygq_ {G.
:(Z?%?)Z—(X-Z?% 3_(22%

(]

CA(FH) (A 9)B-B(T )+ (39)

Tx a(ﬁxﬁ)

oz

z)@zx (zx%

)i 61)5
-Z)§+<§-Z?%)Z

]

ewee $x(4xB) =4 (3 B)+(B-9) 3-8 (3-4)-(1.7) 7.

# Answer :- (vi) V x <€¢> =
V(o) - (L 75) x (Fo) - X ix i

9 ~ 0¢ ~ 09
{Z (91:+j 8y+k 32}
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82¢ ~ 82¢ ~ ¢\ ~ D%  ~ 0% —
B Z L { 8952 8$0y Tk 890(%} B Z {k dxdy 8x82} 0,

using 7 X i= O i x j = k etc.; assuming contmuous dlfferentlablhty of ¢ will imply
Oy = Dya, Pz = gf)zm, Oyz = GOy terms like k and k: W111 cancel.

# Answer :- (vii) 6 (? Z)—O
V() = (T 75) (FA) =7 5 (T )

-y i 2 ;x@+x@+@ oA
N ox or 7 oy 0z
s 113 8 55,84 5 5 0
N 0x? J 0xy 0x0z
s T A
N &Uay B TC R G
~ o~ _> ~ A~
using @ X ¢ = 0 , 7 X j = k, etc.; assuming continuous dlfferentlablhty of Z will imply

24 _ 924 822 93 23 2R, aZ aX
00y — 0ydz’ 0x0s — 02080 0yds — a0y LOTINS like J - and —F -

# Answer :- (viii) ? (? Z) ? <€ . Z) — ?22

will cancel.

Let X = A i As }—l— As %, where Ay, Ay, As are real-valued differentiable functions
of real variables x, y, z

Then ?xZ =

- L1 /Z\+L2 3\+L3 /]{\Z 5

2Pl =
&l
2 Flo ™)

where L, = 85;3 N P N T T

Now ?x(?x?) =

= Gy i+Gy 3+G3 7{:\, (say) .

Sl =
SISlo=y o
F&ﬂm )

Hore - 0Ls 0Ly 0 [0Ay 0A1] 0 [04; 04
' dy 0z Oy | Oz dy 0z | 0z Ox
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PAy %A 82A1+82A3

B Oyox  Oy? 022 020z
_0PA, N 0% As N 0?A, B 0?A, N 02 A, N 0?A,
© Oyoxr  020x  Ox? Ox? oy? 02?2

o (Gra G2 OR) - Fu= (T ) - P,

T oz \ 0r | Oy
Similarly, GQ:(% (V- 4) - 924, and GF%(?.Z) T,
ex(%7):{%(@.7{)_@2&}m{a%(e.z)_e%};
(¥ )Tl
{a Fg R (F7) =92 (174 5+ )

? Z) VA (Proved)

# Question :- Prove that for any differentiable scalar function ¢, ¢ grad¢ is irrota-

tional.

# Answer - Let @ = ¢ gradg = qb ?qﬁ

The vector @ is irrotational, if ? xa () )

Now ?x?:?x(gb?gb):¢?x(?¢)+?¢x?¢:¢?x(?)
(1)
Again ?X(?(ﬁ):(z/z\%)x( ) ZZX_{Z %4_] a_d) a_¢}

S [~ B~ % N N A
Z e {Z P dz:0y * 6:1382} Z { dxdy 81’(%} (@)
using QX = ﬁ , i 3 = E, etc.; assuming/\corétinuous dlfferentlability of ¢ will imply
Oy = Pya, Puz = Gz, Oy» = Py terms like k gx—g’y and —k a d will cancel.

From (1) and (2), we get ? X d = 6>, ie., ¢ grade is irrotational.

# Question :- If Z = 20227 — yz ] + 3228 k , ¢ = z%yz, then find (z) curl ¢X

(1) curl curl
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# Answer :- (i) We know that

curl(pA) =V x (9 A) = ¢ (? x Z) L Vox AL (1)
T q i
Now — VxA=| & 2 2 |=yi+@ez-327+0k

2wz? —yz w23

a -~ a ~ -~ ~
and ?(b 82 + a—(b 8_¢ =2xyz i+ a2’z j+ a2y k.
(? Z) + (403y2? — 322y2*) 740 k (2)
~ 3 :
and ?gbxz mez r?z a2y
20z —yz 3xd
= (32°2" + 2%9%2) i + (22°y2% — 62%yzY) § 4 (—22y%22 — 22°2%) k. (3)

From (1), (2) and (3), we have
curl(gbZ) = (222922 + 32°2%) T + (62°yz® — 92%y2t) J — (2wyP2? + 22°2%) k.

(17) We know that

curl curl (Z) =V x (VxA)=V (V. 4)-v4. (4)
N ? Z 0 0 3 — 9,2 2
ow 2952 8_( yz)+ 82(3x2 ) =22°—z+9x27,
?(?Z) a(22 — 2+ 922%) 7% 8(22 —z+922%) —1—3(222—2—1—9%22)%
Ox 6y 0z
:9227—1-0 T+ 4z —1+18z2) k (5)
2 ~
and ? X <2xz 1 —yz j + 3223 k)—l—% (21‘22?— Yz }—i— 3x2° k)
0? N ~
a2<2xz i—yz ]+ 3z k>:O+O+4xi+18x2k. (6)

From (4), (5) and (6), we have

curl curl (X) — (92> —42) i4+0j+(@dz—1) k.

# Question :- Prove that div( gradf ) 62
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# Answer :- div( gradf ) ? ?f
“(EiEg) ke

2
=21+ 2 ay +%L = ?2]" (Proved)

# Question :- Prove that for the vector ¥ =z i +y 3—1— z %, ?2 <|71—|) =0.

# Answer - ¥ (i) =X 4 (1) = - X7 4 = -5

[, o 2ot
s () =99 () - () - 2 {5

37,2 or

Z{ U 7 el }:—— > {r® - 3ra?}

:——6 { r —3?“2 }— T—lﬁ {3r3—3r3}:0.(Proved)

# Question :- Find the gradient and Laplacian of the function
¢ = sin(kx) sin(ly) eV =

# Answer :- The gradient of a scalar point function ¢(zx,y, z) is
~ 0¢
pu— d p— ) —_— ]_
Vo—mado=Y722. )

and the Laplacian of the function ¢ is
2
Vio=(V-V)o=V (Vo) = M’. 2)

2
Now % = kcos(kx) sin(ly) eVF*+ = | % = —k?sin(kz) sin(ly) eV +" =
T T

2
? = Isin(ka) cos(ly) V¥ +" = | g—y? = —sin(kz) sin(ly) eV # |
2
8_¢ VE? + P sin(kx) sin(ly) V¥ < % = (K + 1?) sin(kz) sin(ly) eV*+F = |
€¢ * [k cos(kx) sin(ly) i i+l sin(kx) cos(ly) ] + Vk? + 2 sin(kx) sin(ly) ¥ ]
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and ?%ﬁ = [—k? = 2+ (K> 4 1?)] sin(kz) sin(ly) eV* 2 =0 .
?ng) = 0 is called Laplace equation.
# Question :- Find grad(log |?|), where ¥ =zi4yj+2 k.

# Answer :- Since 7 = x?—l—y;—l—z k.

Therefore | 7| = y/22 + 42 + 22 and log | 7| = 1 log(z? + y* + 22).
~ 0
? log |7 ) Zz— (log|7]) = Zz—log(m + 97 + 2%)

:—Zi 2z _ dxi :i.
2 224+ y2+22 24y 422 r2

# Question :- Find a simplified form of ? x {7 f(r)}, where f(r) is differentiable.

# Answer :- Here

Y o< {7 f(r) = f(r (?xr>+?

— 1) (¥ x 7) PO @)=
[ Vx7 =T, xﬁzﬁ]

Thus the vector field f(r) 7 is irrotational, provided f(r) is differentiable.

# Question :- Prove V2f(r) = er % % where r = /22 4+ y2 4 22. Find f(r) such
that V2f(r) = 0.

# Answer :- Here

?v@y:e:{eﬂm}:g;{fw>?}

r r2
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_ 3 flir)y _&f  2df
o7 ) - r —dr2+r dr - (Proved)
d’f 2 df dz 2 df
N 2 = —~ 4+ =2 o A
ow ?f(r) 0, = dr2+rdr 0, :>dr+ z2=0, {putdr z]
dz  ,dr_
z r

On integrating, we get

log z + 2logr = log c; , where ¢; be an integrating constant

9 af «a dr
or, zr'=c¢ or, —=— or, df =c¢ — .
dr r r

On integrating, we get
c
f=c— ?1 , where ¢y be an integrating constant ,

which is the required function f(r).

# Question :- Show that 6 . {fgf)
solenoidal if n + 3 = 0.

?} = L 4{2f(r)}. Hence show that T s

# Answer -
VU E ) T () 0
S .
and ?(@ -yl (fir>)zzg{% f’(?“)g—;—r%f(r)%}
A M3 [t - 2] .

From (1), (2) and (3), we get
9.{& ?} 350 W>_{f'<r> LS ?}

r r2 r3

SO gy D 2y Y L L2y (Proved)
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If we take f(r) = r"™! | then 3 A 7} — %2 %{an}

If " 7 is solenoidal vector, then 2 {r" 7} =0.
It is possible when £ {r"*3} =0, i.e., n+ 3 = 0.

# Question :- Find divergence and curl of the vector v = § , where 7 is the unit
vector along 7 and r is the magnitude of the vector ?, where 7 =27 + Y ;+ z k.
# Answer - Let ¥ = ?, where 7 = % = ;, T = x?—i—y?—i—z//;and r? =
PP, =2 e . T =T
ﬁ
7 1
Now T r-F (D)L (® ) v w (L
r? r? r
B3, (2PN _3 2 1
Tt T\ ) T T
1

# Question :- Prove that for the vector T =i+ Y 3—1— z //5, ‘—?% is both solenoidal
and irrotational.

# Answer - Let U = Tg%, where 7 =z i+yj+zkandr? =22 49222, & =2

> Oz r?
etc.
Now e.vza(g):g(vﬁ)mﬁ(g)
3 37 3 32
-7 () - E-F
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Hence ¥ = % is solenoidal vector .

rgin Fx =T (5) = L (T 74T (5)x7

r3
1 3 —
I—(§X7)——(7x7): 0 .
[ PR

Hence U = % is an irrotational vector.

# Question :- Show that " 7 is an irrotational vector for any value of n but is
solenoidal, if n + 3 = 0.

Answer :- LetZ:r"? where 7 = 2 ity j+2zkand 12 = 22492 +22, = o —
- : YJ Yy ; 5
2 etc.

Now ?XX:?X(T”7):r”<§x7>+€(r")x7

Hence X — " 7 is an irrotational vector for any value of n.
Again ?Zz?(r”?)zr"(??)%—??(r”)

=3 (nr”’27) =3r" +nr" = (3+n)r".

Hence, if 6 . Z = 0, then n + 3 = 0. Consequently r" 7 is solenoidal vector, if
n+3=0.

# Question - If 7 =24y j+zkandr = | 77|, then prove that V. [r v (T%)} =
3r—4,

# Answer :- Here7:x7+y3+27€\andr2:m2+y2+22, %z%,etc.

' 1\ -0 (1) ~3 9  _Yaxi 37
ﬁ(ﬁ)—zl%(ﬁ)—‘zlﬁa—f—?’ s

Dr. Gour Hari Bera; St. Paul’s C. M. College; Kolkata; e-mail : beragour@gmail.com



Vector Calculus : Differential operators [dated : 15.05.2018] 16

Now 37:-3?.(?):_3{%<§_?)+7V(l>}
- 3r~* . (Proved)
¥ ()T

3 (4.7
_ 3 )7—%,wherer2:x2+y2+z2,

Il
|
w
—N
+
o]
/I\
N——
—
Il
|
w
—N—
|
<
——
Il

rd

# Question :- Show that ? (X . ?%)

T =i+ y 3—1— z 7{;\, Z is a constant vector and 7 , ; , k are orthogonal unit vectors.

# Answer :- 6(%) =Yi2(H)=-it %:—Zﬁj?:_%,

:M?_l2A1¢:—7—g. (Proved)

rd r3 rd

—

7| and @ is a constant vector, then

# Question :- If 7 :x?—i-y;—l—zz, r=|
show that

(a)curl (@ x 7)=27d
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(b) grad (r") = nr 2 7
(¢) curl{r*(@ x )} = (n+2) " d —nr" 27 - &)7.

# Answer :- (a) curl (4 x 7)
%
R @x ) =N I k7 s O

+ 4 x z} [ - @ is a constant vector]

=3 7% (7 X i :Z{(??)ﬁ— (?-7)?}
34

-
A7 -ad)7T

(i) curl (@ - 7)
(id) curl (Zx7)

r3

# Answer :- Let q = a1 @+ as j + az k, where ai, as, az are constants and
T=gityjtekrP=22+y 422, d - T =a; x+ayy+az 2.

Now ¥ x @ = 0 and ?(7-7):Zga%(alx—i-agy—i-agz):zgal =a .
From (1), we get

curl (@-7)@=0+dx@=0 . (Proved)

Dr. Gour Hari Bera; St. Paul’s C. M. College; Kolkata; e-mail : beragour@gmail.com



Vector Calculus : Differential operators [dated : 15.05.2018] 18

r3

y ax ax
(7) curl zsx 3
,

=Y ix (@ xd) =Y {G-Dd -G D)}

From (1), (2) and (3), we get

— . = —
2 7
curl<ax3r>: ¢ _3 x (d x 7)
r

3 5
2d  3d 37 -d)T
P33 ro
a3 N
=-3+t3 (7 -d) 7 . (Proved)

# Question :- If the vector 7 =32+ (x +vy) 3 —az k is solenoidal, find a.
# Answer :- The vector ? is solenoidal, so ? . 7 = 0.

0
Now V. 7 ay(:ﬂ—f—y) (?z( az)=3+1—a=4—a.

Since ? . 7 =0, so a = 4. Hence the required value of ‘a’ is 4.
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# Question :- For what value of the constant a, will the vector field Z = (azxy —
23) i+ (a —2)2? 7+ (1 — a)xzz? k be always irrotational?

# Answer :- The vector X is always irrotational, so ? X X =

|o~.)
Qo =)

i
Now ?xﬁ: %

ary —z° (a

| S

y2) (1—a)xz?
—(0—0) i+ {-32"— (1—a)*} J+1{20a-2)z—az} k
=0i4+@-D2j+(a—4z k.

Since?xX:ﬁ, so a = 4.

Hence the value of a is 4.

# Question :- Find the constants a, b, ¢ so that 7 = (z+ 2y + az) i+ (br — 3y —
z) 7+ (4o + cy + 2z) k is irrotational.

# Answer :- The vector 7 is irrotational, so ? X 7 =0.

S ; [ P
_ 2 2 o
Now X 7 - Ox Oy 0z

r4+2y+az br—3y—z 4dr+cy+ 2z

=(c+1D)i+@—-4)j+0b-2) k.
Sinee€x7:6>,soa:4, b=2 c¢c=—1.

# Questlon - Find the constants a, b, ¢ such that the vector 7 —4x — 3y +
az) i+ (bx + 3y 4 52) ] + (4 4 cy + 32) k is irrotational.

# Answer :- The vector 7 is irrotational, so ? X 7 =

7 i k
Now — VxV = 2 2 2

—4xr — 3y +az bx—|—3y+5z dx 4+ cy + 32

=(c=5)i+(a—4)j+(b+3)k.
Since?xvzﬁ),soa:& b= -3, c=5.
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# Question :- Show that the force field given by ? = (4ay — 31%2?%) i+ 222 — 2232 k
is irrotational. Find a scalar function ¢ such that F' = V ¢.

# Answer :- We know that, the force field ? be irrotational, iff ? X ? = ﬁ

Slo
Qo =)

0
Now ?x?: a%

4oy — 32222 227 —2232
= (0—0) i+ (6222 + 62°2) j + (4 — 4x) E=T1.

Hence ? is an irrotational force field.
To find the scalar function ¢ of F', we have

20w+ 92y + %2 a

i = dy GE

ox oy 0z
= ? dr = (4ay — 3222%) dv + 22* dy — 22°2 d=z
= 2(2rydx + 2*dy) — (32*2°dx + 22°2 dz) = d(22°y — 1°2%) .

_{3¢A+@]+3_¢ }~{dﬁ+dﬁ+dﬁ}:?¢-d?

Integrating, we get

¢ = 22%y — 2°2° + ¢ , where ¢ is a constant of integration.
# Question :- Show that the vector F = (20 —yz) i+ (2; — 22) J + (22 — 2y) kis
irrotational. For this ?, find a scalar function ¢ such that F' = ?gzﬁ.

# Answer :- The vector ? is irrotational, if ? X ? = 6>

?
d

o
Qo =)

Now ?x?:

oz
20 —yz 2y —zx 2z —xy

=(—z+a) i+ (~y+y) J+(—2+2) /k:\:ﬁ;

is satisfied and hence the vector ? is an irrotational vector.
To find the scalar function ¢ of ?, we have d¢p = 8¢ dr + ad) dy + a¢ dz = ? dr .

Ldo=(2x —yz)de+ 2y — zx) dy + (22 — zy) dz
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= 2z do + 2y dy + 2z dz) — (yz do + zx dy + zy dz)
=d(2* +y* + 2%) —d(zyz) = d(2* +y* + 2* — 2y2) .

Integrating, we get

¢ = x> +9y*+ 22 — 2yz + ¢, where c is a constant of integration.

# Question :- Show that A= (6zy+23) i+ (322 — 2) j + (3222 — ) k is irrotational.
Find ¢ such that Z ?cb and ¢(1,1,1) = 3.

# Answer :- The vector Z is irrotational, if ? X X = 6>

_ ) ) )
Now ? X ? = 97 Dy 5
6y +2° 322 — 2 a2 —y

—(=141) 7+ (32% — 32%) 7+ (62 — 6x) %:ﬁ;

is satisfied and hence the vector? is an irrotational vector.
To find the scalar function ¢ of F', we have d¢ = dx + ad) dy + 8¢ dz = ? 7 .

o de = (6zy + 2°) do + (32° — 2) dy + (322° — y) d=

= (2%dw + 3x2%dz) + 3(2zy dx + 2% dy) — (2 dy + y dz)
= d(z2° + 327y — y2) .
Integrating, we get
¢ = x> + 32°y — yz + ¢, where ¢ is a constant of integration .
“9(1,1,1)=3, = 3=143-14¢, = ¢c=0.
¢ = xz* + 3%y — yz.

# Question :- Show that the vector ? (y* cos z+2 ) (2ysinx—4) }+(3x22+2) k
is irrotational. Find the scalar function ¢ for ? such that ? ?(b

# Answer :- The vector ? is irrotational, if ? X ? =

i fi k
Now  VxF = 2 2 2

y?cosx + 2° 2usinx —4 3x22+2
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—(0—0)7—(32>—32%) j+ (2ycosz — 2ycosz) k = f ;

is satisfied and hence the vector F is an irrotational vector.
To find the scalar function ¢ of ?, we have d¢ = % de+ 22 dy+ 22 dz = ? A7

dy 9z
. do = (y*cosx + 2°) dx + (2ysinx — 4) dy + (3v2° + 2) d=
= y?cosx dr + 2ysina dy + 2% do + 322° dz — 4 dy + 2 dz
=d(y*sinz) +d(2*z) —4 dy +2 dz = d(y*sinx + x2° — 4y + 22) .

Integrating, we get

¢ =y’ sinx + 22® — 4y + 22 + ¢, where ¢ is a constant of integration.

# Question :- Show that the vector ? = (2zy + 2°) i+ 22 jj\+ 3222 k is irrotational.
Find the scalar function ¢ for ? such that ? = ?qb

# Answer :- The vector ? is irrotational, if ? X ? = 6>

i ik

— d d d

Now ? X ? = 9z e 5
2oy + 2% 1? 3w

—(0-0)7-(32-32j+ (20 —-20) k=10 :

is satisfied and hence the vector ? is an irrotational vector.
To find the scalar function ¢ of ?, we have d¢ = % dz + g—f dy + % dz = ? A7

do = (2zy + 2%) do + 2* dy + 3x2% dz

= (2zy dz + 2* dy) + (2° dx + 322* dz)
= d(2%y) + d(22°) = d(z%y + 22%) .

Integrating, we get

¢ = 2%y + 22° + ¢, where ¢ is a constant of integration.

# Question :- Find the directional derivative of the function f = 2% — 3% + 22 at the
point P(1,2,—3) in the direction of the vector P‘é, where @ is the point (3,1, 2).

# AnsweAr :- The unit vector in the direction of the vector ]@ = 2 — ?%— 5k is

a= = (2i — j + 5k).
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Now?f ﬂz—i—afj—i—af/k\;: z—2y3+22/lﬁ:.

ox

[?f} :22—4j—6k.

(1,2,-3)
Hence the directional derivative of f at the point P(1,2,—3) in the direction of the

vector @ is

6]"(1,2,_3) 4= 22 11

444-30)=———=——1+/30.

1
v 30
# Question :- Find the directional derivative of the function f = 2% — y? + 222 at
the point P(1,2,3) in the direction of the line PQ, where @ is (5,0,4).

# Answer :- The unit vector in the direction of the line PQ is f@ =4 — 2/j\+ k is
a= \/Lﬁ (4i — 25 + k).
Now?f %z—l—afj-l—af/k\: z—2y}+4z@.

ox

[?f} 274G+ 12 R

(17273)
Hence the directional derivative of f at the point P(1,2,3) in the direction of the line
PQ is
VA1L,23) A= — (8484 12) = —>
o V21 V21

# Question :- If f = 2% +y® 4 27, find the directional derivative of f at the point
(1,—1,2) in the direction of the vector j — k.

# Answer :- The unit vector in the direction of the vector j — kisa= % (3 — //5)
Now?f ﬁ z—l—afj+8f k=322743y2 ] +322 k.

[Vf] :3z+3g+12%.
(1,-1,2)

Hence the directional derivative of f at the point (1, —1,2) in the direction of the vector

(7 — k) is
V1, -1,2)-a <31+3]+12k> < %}—%E)

3 12 9 9
SV v i A

# Question :- Find the directional derivative of the function f(z,y,2) = yz+zx+xy
in the direction @ =i+ 2 j + 2 k at the point (1,2,0).
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# Answer :- The unit vector in the direction of the vector U =742 5—1— 2k is
U= —@g—g G+27+2F).

Ui+ 8 5+8 k=(y+2)i+(z+2)j+(x+y) k

v fl L, =2ititsh
1,2,

Hence the directional derivative of f at the point (1,2,0) in the direction of the vector

(i+27+2k)is

Vi2.0)a=(27+748%) - (37+27+28) =342+

__ 10

3

w|o

# Question :- Find the directional derivative of ¢ = zy?*z + 42?2 at (—1,1,2) in the
direction 2 1+ j — 2 k.

# Answer :- The unit vector in the direction of the vector 2 74—;— 2 % is

6:% (2i+7—2k).

Now ?d) 90 z—|—8¢ j+ % k= (y%z + 8x2) i + (2wyz) J + (xy? + 422) k.
[€¢] — 147-4743F

(717 1» 2)
Hence the directional derivative of ¢ at the point (—1,1,2) in the direction of the vector

27+ —2F)is

~_ " = T 27,1727y _28_ 4 _ _ 38
Vo(-1,1,2) - = (-147-47+3%)- (27+37-2k) = -2 -t-2--%
Since this is negative, ¢ is decreasing in this direction.
# Question :- Find the directional derivative of ¢ = 2%yz +4z2?% at (1,—2,—1) in the

direction 2 7 — 3 — 2 k. In what direction the directional derivative will be maximum
and what is its magnitude?

# Answer :- The unit vector in the direction of the vector 2 Q- 3 — 2k is
a=32i—j5—2k).
Now ?cb ‘% i+ 8¢ , J+ % k= (2zyz +42%) i + (222) J + (22 + 822) k .

[ﬁb] :82—3—10k.

(1,-2,-1)

Hence the directional derivative of ¢ at the point (1, —2,—1) in the direction of the
vector (27— — 2 7{;\) is
Vo(l,-2,—1)-a = (87-7-10F)- (27-3j-2F) =L+l m_u
The maximum value of the directional derivative of ¢ at the point (1, —2,—1) is

)?qs(L 2, —1)‘ —87—F— 10 % = /64 + 1+ 100 = v/165.
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The direction of ¢ at (1,—2, —1) attained in maximum value is given by

Vo(l,-2.-1) 1
Wm,—z,— ’_\/ﬁ

(8?—3—10%).

# Question :- Find the directional derivative of the function f(z,y,2) = 2zy — 2? at
the point P(2,—1,1) in the direction towards the point (3,1, —1). In what direction is
the directional derivative maximum?

# Answer :- Let (3,1, —1) be a point. The unit vector in the direction of the vector
PO—7+97 2%isaz G+27-2%).
Now ?f ﬂ Z—i—af j—l—a—’:/k\: 2y2—|—2x3—22/k\.

ox

oolr—‘ |

Wf] :—2@+43—2k

(2,-1,1)

Hence the directional derivative of ¢ at the point (2, —1,1) in the direction of ]@ is
Vi -1,1)-a= (—2?+4}—2E) : (- ir2j-2 k) 24844 10

The maximum value of the directional derlvatlve of f at the point (2, -1, 1) is
Wf ‘—|—22+4j—2k| VITI6 14 =+21=2V6.

The dlrectlon of fat (2,—1,1) attained in maximum value is given by

Vie-LD) 1 -
‘3f(27_171)‘_\/6< P42 k)

# Question :- Find the maximum value of the directional derivative of ¢ = xy? +
2yz — 37°2? at the point (1, —1,1). Find also the direction in which it occurs.

# Answer :- Here ¢ = ry? ’ + 2yz 3322
?gb BTy o2y s ‘% k= (y? —92%2%) i + 2wy + 22) j + (2y — 6232) k.
[ﬁﬁ] :—82+OJ—81<:.

1,-1,1)
The maximum value of the directional derivative of ¢ at the point (1, —1, 1) is given by

)ﬁﬁ ‘—|—8z—|—0]—8k| VAT 0164 =82

The dlrectlon of ¢ at (1,—1,1) attained in maximum value is given by

€¢(1,—1,1) 1 ~ ~ o 1~ =
Vo, -1,1) T 82 (_8Z+0]_8k>=—ﬁ(z4rk>.

# Question :- Find the maximum value of the directional derivative of ¢ = 2zx — y?

at the point (1,3,2) and also the direction in which it occurs.
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# Answer :- Here ¢ = 2295 — 2
o= a¢z+8¢j+a¢ k—2,zz—2y]+2:ck
W(ﬁ] —47-67+2%
(1,3,2)
The maximum value of the directional derivative of ¢ at the point (1,3,2) is given by

)%)(1,3,2)’ — 4767 +2% = vI6 136 1 4 = /56 = 2v/14.
The direction of ¢ at (1,3,2) attained in maximum value is given by
1,3,2 1 ~ ~ o~
Vo(.3.2) (27-37+%) .
Foaa| /0
# Question :- Find the maximum value of the directional derivative of ¢ = 22 +22—y
at the point (1,3,2) and also the direction in which it occurs.

# Answer :- Here ¢ = 22 + 22 — ¢,
: o= 8¢2+8¢j+6¢k—2x2—2y3+22k

[%)] 2767 +4%

(1,3,2)
The maximum value of the directional derivative of ¢ at the point (1,3,2) is given by

)ﬁﬁ (1,3,2 ’-|22—6]+4k! VIT 36716 = /56 = 2V14.

The direction of ¢ at (1,3,2) attained in maximum value is given by
Vo(1,3.2) _ 1
Vo3| VM

# Question :- If ? ﬁ =0= ? ﬁ ? ﬁ and ? ﬁ (,% , then show
that V2H = 21 and V?E = 2.

ot?

(?—3}+2E).

# Answer :- It is given that

?xﬁz—%, (1)
?xﬁzg (2)
and V. E=0=V-H. (3)

Taking curl both sides of (1), we get

T (ex) - (%)

ot
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= ?(3-3)—(3-3)32—%<€xﬁ),
—(?-?)ﬁ:_%<@), [by (3) and (2) ]

ot

~ V2E = 82? . (Proved)

T cun both sids f (2), o gt
¥ (¢ 17) -7 (2F).
¢€(€.ﬁ)_(€.€)ﬁ:%(€xﬁ),
~(V-V)H - —( ﬁ) by (8) and (1)

ot

= V2H = 32ﬁ . (Proved)

# Question :- Find the angle of intersection of the spheres x? + 3% + 2% + 4z — 6y —
82 — 47 =0 and 2% + y* + 22 — 29 = 0, at point of intersection being (4, —3,2).

# Answer :- Letf—z +y?+ 22+ 42— 6y — 82 — 47 and g = 2% + y? + 2% — 29.
Then V f= 25+ 548 k= (20 +4) 7+ (2y—6) ] + (22— 8) k and
?g—agz—l— j+89k—2x2+2y3+22k

[ef} :122—12]—4kand [?g} :8?—634—47{\.

(4,-3,2) (4,-3,2)
Let 6 be the angle between the surfaces. Then 6 is the angle between the normals to

the surfaces. This angle at (4, —3,2) is given by

Y f(4,-3,2)- ¥ g(4, 32)

cosf =
szl 32’ ‘?g )
(127-127-4k)-(87-67+4%) 159
T 14+ 144 116 V64136 116 V304 V116

152
0 = cos™* (— which is the required angle.
V304 \/116> ’
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# Question :- Find the angle of intersection of the spheres z2 + 3% + 22 = 9 and
z = 2% +y* — 3, at the point (2, —1,2).

# Answer :- Let f=224+1y?>+22—9and g =22+ ¢y> — 2 — 3.
Then?f afz—l—af]—l—afk—2xz—|—2yj+2zkand
?g—agz+89]+agk—2zz+2y‘7—k

[?f} :42—2]+4l{:and [?g] :4/2‘\—23—/]{?.

(2,-1,2) (2,-1,2)
Let 6 be the angle between the surfaces. Then @ is the angle between the normals to

the surfaces. This angle at (2, —1,2) is given by

cosf = v f2,-1,2)- v g(2,-1,2)
Wf(z,—m)‘ ‘39(2,—1,2))

(47-27+4%)- (47-27-F) 14 .
V16 +4+16 V16 +4 + 1 6421 3421

8
6 = cos™* (—) , which is the required angle.
3 v21

# Question :- Find the unit normal vector and tangent plane to the surface z2yz +
4x2* = 6 at the point (1,—2,1).

# Answer :- Let f =2 yz—|—4xz — 6.
Then ¥ f=4% z+8f j—i—% k= (2zyz +42%) i + 222 j + (2%y + 8x2) k.
[?f] —074+7+6F.
(1,-2,1)
The unit normal vector to the surface f = x?yz +4xz? —6 = 0 at the point (1,—2,1) is

ﬁ: v f1-21) 1 - .
Wf(1,—2,1)’

The equation of the tangent plane at the point o =72 3—1— k is

_\/ﬁ(‘]—i_

(?_?0)'€f(17_271):07

= (z—-1)0+(y+2)1+(2—-1)6=0,
= y+6z2=4.

# Question :- Find the equations of the tangent plane and normal line to the surface
ryz = 4 at the point Z+2]—|—2 k.
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# Answer :- Let f =ayz — 4.
Then?f 8fz+8fj+6fk—yzi+xzj+xyk.
Wf} — 4742742k

(1,2,2)
The equation of the tangent plane at the point To=1i+2 J+2kis

(7 = 70)- V(1,2,2) =0,

= (z—-1D44+y—-2)2+(2—-2)2=0,
= 2r+y+2=6.

The equation of the normal line is

(7 —Fo) x Vf(1,2,2) =0

ik .
= |lz—1 y—2 z—-2|=0,
4 2 2
= {2(y—2)—2(z—2)} i+{4(z—2)=2(x— 1)} j+{2(@—1)—4(y—2)} k = 07+0 j+0 k ,
= y—2=2—-2, 2z2-2)=2x—-1 , z—1=2(y—2),
y—2 z—-2 z—2 x-—1 r—1 y—2

O T s E s R R B |

Hence the required equation of the normal line is % = 4= = ==

# Question :- Find the equations of the tangent plane and normal line to the surface
zz? + 2%y = z — 1 at the point (1, —3,2).

# Answer :- Let f =222 + 2%y — 2+ 1.
Then?f 6fZ+8f]+6fk—(z2+2xy)i+x2j+(2x2—1)k.
[?f} — 274743k

(1,-3,2)
The equation of the tangent plane at the point To=1—23 J+2kis

(?_?0)'3118(17_372):0’
= (z—1)(-2)+(y+3)1+(2—2)3=0,

= —2r4+y+3z2=1.

The equation of the normal line is

(7 — 7o) x Vf(1,-3,2) =0,
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o~ o~ o~

) J k N
= xr—1 y+3 z—2 =0,
-2 1 3

= {3(y+3)—(2—2)} i+{—2(z—=2)=3(z—1)} j+{(z—1)+2(y+3)} k = 0i+0j+0 k ,
= 3(y+3)=2-2, 2(2—2)==-3(z—1) , z—1=—-2(y+3),
y+3 z—2 z—2 x—1 r—1 y+3
1 3 7 3 =2 7 -2 1

Hence the required equation of the normal line is % =

y+3 z—2

1 3

# Question :- If the vectors Z and § be irrotational, then show that the vector
X B is solenoidal.

# Answer :- A vector @ is said to be solenoidal, if div @ = 0, i.e., ? q =
Since X and ? are irrotational, so

VxA=0T=VxB. (1)
rain (A B) BTGB =BT AT 0.
Hence X X B is solenoidal vector.

% o~ o~ ~
# Question :- If @ and b are constant vectors and 7 = x7 + yjJ + zk, then prove
- . .
that (@ x b) x 7 is solenoidal.

#Answer:- Let ( ><b)><7> (WX?:
? (7 b)_>} 7. —

[ = ? b as @ and b are constant vectors]

><

Hence p —> = ( ) X 7 is solenoidal vector.

— —
# Question :- If « @ and b are constant vectors, prove that ? X {(7 X 7) X b } =

b>< wherer—xz+yj+zk
# Answer :- Here
(7x7)x7:—{7x(7}x7)}

={(v-a)y7-(v-?)a}=(7 V)7 (T V)7
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{ @) x b :%{(77)7_(77)?}
=V (7))} -Ix (T )P} =(77) (V=)

V(7 V) <7 (@) (Fx7)+ V(T 7)) x 7 (1)
I —I—yl/y\—i—z//{?,so?xﬁ:ﬁ,

Since @ and b are constant vectors and 7 = z
?(?7):7,?x —Oand€<7€>

Putting these values in (1), we get

?x{(?xﬁ)x?}:?xﬁ.(Proved)

# Question :- If Z be a solenoidal vector, then show that

? X ? X ? X ? X Z = V4Z, i.e., curl curl curl curl X = V4Z
# Answer :- We know that

curlcurlzzgx<€x2>:€<€-z>—€zz. (1)

Since X be a solenoidal vector, so

V. A=0. 2)
oocwlewl A = —VPA=H | (say) [by (2)] -
Again curlcurlﬁ:?x(?xﬁ):?(?-ﬁ)—?ﬁ.
Bu  V (V. H)=-V (V.- V24) =V (V¥ 4) = 7. by 2)].
curl ewl H = —V*H = -V? (-V*4) = V4 .

Hence curl curl curl curl A = V44, (Proved)

#Question-lf?ﬁ-p,?ﬁ—og B iaﬁand€ ﬁ 1 (%—l—p?),

then show that ? 27— 5 %Tzﬁ €p+ = 5 O (p) and €2ﬁ % a;;H) =-1 ? x (p0),
where ¢ is a constant and ¢ is the time variable.

# Answer :- It is given that
V-D=p, (1)

Dr. Gour Hari Bera; St. Paul’s C. M. College; Kolkata; e-mail : beragour@gmail.com




Vector Calculus : Differential operators [dated : 15.05.2018] 32

vV.-H=o0, (2)
vV x D= _% 88—? (3)
and €xﬁ:% (%w?) (4)
(4) cam be written as
—c (VxH)- @B | (5)
: %w:c%(%ﬁ)—iﬂ (v:5)- 52
— {1 (F58)}- 52 o
o {9(9-3)- 98} - 52
= {Vp-V*D} - a;f by (1)]
or, V2D - D — Yo+ L %) D). (Proved)

2 o @ 61&
Taking cross product both sides of (5), we get

?x(p?):c? (? ﬁ)——(? B)

T E ) ) L ()

c Ot
— «V?H 4 5 aaf [by (2) ]
or, €2ﬁ —é 8;5 = —% x (p0). (Proved)
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10.

11.

12.

EXERCISE

If $ = 23 + > + 23, find the directional derivative of ¢ at the point (1,—1,2) in
the direction of the vector j + k.

. Prove that ? . (7"37) = 6r3, where 7 = xi +yj + 2k and r = |7|

~os : —
If 7 = xi+yj+ 2k and @ is a constant vector, prove that curl{(¢ - 7) @} = 0.

If f and g are both differentiable scalar functions of x, y and z, then prove that

€~(f?g—g€f>=fv29—gv2f~

In what direction from the point (1,3,2) is the directional derivative of f =
2rz — y* a maximum? What is the magnitude of this maximum?

Find the directional derivative of the function ¥ = x2y® + y?2® + 222% along the
tangent to the curve z = t, y = t?, 2 = t* at the point (1,1,1).

7 =ai+yj+ 2k r= 17| and o(z,y, 2) = (22 + 12 + 22) e VT prove
that gw = (2—7r)e"7 and hence show that V2 = (r2 — 6r 4 6)e".

If 7 = siny i+ sinz 3—1— e® E, then show that 7 is neither solenoidal nor
irrotational.

If ? X ? = ﬁ, then prove that & = 0 or = —1, where ? = (zyz)*(2? i+

~

yBG+ 2P k).

Find the constants a, b and ¢ such that the vector A= (z +ay +42) i + (22 —
3y +bz) j+ (cx —y + 22) k is irrotational.

Show that A — 2xy23 7 + 2223 § + 32%yz® k is irrotational. Find the scalar
potential ¢ such that A = V¢.

If ¢ and v are differentiable scalar fields, then prove that ?gzﬁ X €¢ is solenoidal.

ANSWERS

1. 52 5.4i-6j+2k V56 6. 5V14  10.a=2 b=—1, c=4
11. ¢ = 2%y2?
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