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Elementary Band Theory

Introduction

O How to distinguish between metal and semiconductor/insulator ?
0 What is the origin of positive Hall coefficients?
O Well, free electron theory of solids does not answer to these questions!

O A productive theory comes from band theory of solids

Syllabus: Kronig Penny model. Band Gap. Conductor, Semiconductor (P and N type) and insulator.
Conductivity of Semiconductor, mobility, Hall Effect. Measurement of conductivity (4 probe method) & Hall
coefficient

Bloch Theorem

() . .
The plane wave solution e’** for the wave

functions of the free electron model go over

¥ for the periodic potential to solutions of the
form P(x) = uy(x)e** where u,(x) has
I the periodicity of the lattice (if the lattice has

a periodicity a, uy (x + a) = ui(x))

% =V
x+a) (x) ‘ Y (x): Bloch function ‘
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Kronig-Penney Model
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Kronig-Penney Model
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Kronig-Penney Model
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Kronig-Penney Model
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ul(x) — Aei(a—k)x + Be—i(a+k)x

Boundary conditions:

u; (0) = u,(0) u;(a) = uy(—b)

du1 _ du2 duz

u,(x) = CeB=ik)x 4 po—(B+ik)x
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Kronig-Penney Model

2 _ g2
'BZTﬂsm Bbsinaa + cosfbcosaa = cosk(a+ b) ...(5)
) ) ] ) 2mE
Consider V;, very large but b very small such that Vb is finite ac = 7z

B2 —a?) =, — 26) ~ 2y,
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2mV, Bb 4 _ I
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%) + cosaa = coska
2 aa mVyba
sinaa P = >
a + cosaa = coska ...(6) h

(c) Dr. P. Mandal

Kronig-Penney Model
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Kronig-Penney Model

Implications:
&L sinag + cos aa

(a) The energy spectrum of the electrons consists of 4 number of
illowed energy bands separated by forbidden regions

— N
sinaa - - !
P + cosaa = coska ...(6) _];ﬂa%l}quﬁ“ Q“‘BQ‘"_ZQIF * ; W
aa -1
N4 N\

(b) The width of the allowed energy bands increases with in-
creasing values of aa, i.e., with increasing energy. this is a consequence
of the fact- that the first term of (10-24)
decreases on the average with increasing aa

Solid State Physics, A J Dekker

Kronig-Penney Model

Implications:

(c) The width of a particular allowed band
decreases with increasing P, i.c., with increasing
**binding energy"’ of the electrons. In the extreme p = mVoba
case for which P— o0, the allowed regions become h? i { 7~
infinitely narrow and the energy spectrum be-
comes a line spectrum. In that case, (10-24) has
only solutions if sinxa = 0, ie, if aa = | nmw
withn =1, 2,3,... According to this and (10-16),
the energy spectrum is then given by

>

0 1 0
n?m?h? P/éx «——  —w4x/P

E, = S for P —» oo

This recognizes as the energy levels of a particle in a constant potential box of atomic dimensions.
Physically, this could be expected because for large P, tunneling through the barriers becomes
improbable.

Solid State Physics, A J Dekker
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Kronig-Penney Model

Implications:

These conclusions are summanzed in Fig. 10-3, where the energy
spectrum is given as function of P. For P - 0, we simply have the free
electron model and the energy spectrum is (quasi) continuous ; for P =~ ac, | t-
a line spectrum results as discussed under (c) above. Foi 2 given value of P
the position and width of the allowed and forbidden bands are obtained by
erecting a vertical line; the shaded areas correspond to allowed bands.

From (10-24) it is possible also to obtain the energy E as function of the
wave number k ; the result is represented 1n Fig. 10-4a. This leads vs to the
conclusion that - ‘

0 1 0

Pléx <-— — 47 |P
mVyba

P=—5

Solid State Physics, A J Dekker
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Kronig-Penney Model

Implications:

(d) Discontinuities in the E — k curve: k= = n=1,273,..

These k-values define the boundaries of the first, second, etc. Brillouin
zones. It must be noted that Fig. 10-4a gives only half of the complete E(k)
curve; thus the first zone extends from —-w/a to --w/a. Similarly, the
second zone consists of two parts; one extending from =/a to 2x/a, as
shown, and another part extending between —=/a and —2n/a.

Solid State Physics, A J Dekker
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Kronig-Penney Model
Implications:
(e) Within a given energy band, the energy is a periodic function of k. For example, if one replaces
k by k + 2nn/a, where n is an integer, cos ka remains the same. In other words, k is not uniquely
determined. It is therefore frequently convenient to introduce the “reduced wave vector” which is
limited to the region:
El8ma?2/h?) E
/s T
——<k<-
a a 15F | I
| |
! I
|/' /\
10} | :
: I
5 I I : :
I : I I
/E | / \l
— ! h —
0 *fa e - Srta— -x/a 0 _‘ wla
¢ 2nd  3rd b
Solid State Physics, A J Dekker
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Kronig-Penney Model
Implications:

(f) Number of possible wave functions per band:

Boundary condition: Cyclic or periodic boundary conditions — same as in the theory of elastic waves

in a chain of atoms: Y(x + L) = ¢ (x)

= e+, (x + L) = e**y (x)

= ekl =1 =" 5 | = 2nu/L,n = +1,+2,43, ...

Number of possible wave functions in the range dk: dn = (L/2m)dk

/a L
Nax = f (L/2m)dk = -= N

-n/a

Solid State Physics, A J Dekker
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Implications:

Af) The total number of possible wave functions in any energy band is-
equal to the number of unit cells N.

Now, as a result of the spin of the electrons and the Pauli exclusion
principle each wave function can be “occupied™ by at most two electrons.®
Thus each energy band provides place for a maximum number of electrons
equal to twice the number of unit cells. In other words, if there are 2N /-
electrons in a band, the band is comﬂletuﬁllef “This conclusion, as w

shall see below, has far-reaching consequences for The dnstmctlon bctwcen
metals, msulators, and semtconduclors N

Kronig-Penney Model

b — v — % e - ——

Solid State Physics, A J Dekker
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Velocity:

VT Kk

1dE

T hdk

Motion of Electrons '

This in itself shows the importance of the E '
versus k curves. In the case of free electrons |
E = F*k?*[2m, and (10-33) simply leads to the r
identity r — hk/m = p[/m. In the band theory, |
|
1

(s}

=

however, E is in general not proportional to k2,

as may be seen from Fig. 10-4. Employing an ®
E(k) curve such as represented in Fig. 10-5a, one
obtains, according to (10-33) for the velocity as !
function of k, a curve of the type illustrated in |\
Fig. 10-5b. (Note that for free electrons v is I

(e

proportional to k.) At the top and bottom of \, '

NI

the energy band r = 0, because from the peri-
odicity of the E(k) curves it follows that there
dEf{dk = 0. The absolute value of the velocity |
reaches a maximum for k = k,, where k, cor- I
responds to the inflection point of the E(k) curve. !
It is of importance to note that beyond this point el
the velocity decreases with increasing energy, a [
feature which is altogether different from the —xla 0 il

behavior of free electrons. 7~ ' -~ 'V Solid State PhySis, A J Dekker
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Motion of Electrons

Effective Mass:
_ _ 1dE

dE = (eF)(vdt) = (eF) (Eﬁ) dt
dE eF dE
d—kdk = Tﬁd
dk eF
dt  h

dv 1d (dE 1d*Edk eFd*E _eF
~ @ " ha (a)ﬁmd—ﬁm—wm*

wor) hemen(t
dk? T mr T n2\dk?
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Motion of Electrons
* hz E
m = /<m
Thus the effective mass is determined by d*E/dk®; this result indicates
once more the importance of the E(k) curves for the motion of the electrons.
In Fig. 10-5¢ the effective mass is represented as a function of k § this
curve shows the interesting feature that m* is positive in the lower half of
the energy band and negative in the upper half. At the inflection points in
the E(k) curves, m* becomes infinite. Physically speaking, this means
that in the upper half of the band the electron behaves as a positively
charged particle.’(as will be explained further in Sec. 10-6. One arrives at
the same conclusion by considering the o(k) curve and making use of
(10-35). Suppose an electron starts at k -= 0; when an electric field is
applied, the wave vector increases linearly with time. Until the velocity
reaches its maximum value, the electron is accelerated by the field;
beyond the maximum, however, the same field produces a decrease in o,
i.c., the mass must become negative in the upper part of the band.

Effective Mass:

Solid State Physiés, A J Dekker
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Motion of Electrons y
Effective Mass: |

L]
<

(a}

“f It is frequently convenient to introduce a factor

|
I
|
Jo = mim* = (m|)E|dk*) (10-39) 1'
UL PV e
where /, is a measure for the extent to which an elec"on in slale k is “free.” "
If m* is large, f, is small, i.e., the particle behaves as a **heavy" plrtlde 1&
When f, = 1. the electron behaves as a free electron,, Note that f, is
positive in the lower half of the band and negative in the upper half, as ©
shown in Fig. 10-5d.
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Motion of Electrons
Effective Mass:
T may be mentioned here that when the above treatment is extended to
three dimensions, the effective mass may be represented by d2E
m* = h?/| ==
I/m* = (1/k*) grad, grad, E(k) / <dk2>
where grad, grad, E(R) is a tensor with nine components of the general
form 9°E[ok, ok, with i, j = x, v, 2% * °
92E \ '
* J— 2 . .
(m )l] h <aklak]> (l’fex,yyz)
e e Solid State Physics, A J Dekker
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Motion of Electrons

Effective Mass:
Problem: The dispersion relation of electrons in a 3d lattice is given by E, = acosk,a +
B coskya +y cosk,a, where a is the lattice constant and @, B8,y are constants. Find the effective

mass of tensor at the corner of the first Brillouin zone (/a, w/a, /a). [CU - 2016]

S PENT
h Kok, (i,jExYy2)
i0n

(m*)ij =
92E\” ) h2
(M*)x = h? <6k,zc> = h?(—aa? coskya)™t konja — ad?
kx=ky=kz=m/a
E -1 h?
m =h?|— = h?(—pa? cosky,a =—
( )yy ( kal) ( ﬂ Y ) kx=m/a BaZ
kx=ky=kz=m/a
62E -1 hZ
N = = h2(—ya? cosk =
(m"),, = (0k§> (—va? coskya) bna 7@

kx=ky=kz=m/a
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Motion of Electrons
Effective Mass:
S a2E \ ' -
(m )ij = W i,JExy2)
Y -l " } — o
(M")yy = dky0k, = Ey” (—Basink,a) =
ky=ky=k,=m/a kx=ky=k;=m/a
SimilarlYﬂ (m*)zx = (m*)xz = (m*)zy = (m*)yz = (m*)yx =
1/a oo o a 0 O
h? 1 2
?\ o o 1y m ""\o 0 y
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Motion of Electrons

Problem: Consider the dispersion relation of tightly bound electrons in a linear lattice with atomic
separation a as E = Ey — a — 2y coska (a, Ey, y are constants). Obtain an expression of the
reciprocal of effective mass (im*) as a function of E. Sketch 1/m* as a function of E. Also, find the
maximum velocity of the electrons. [CU — 2015]

E=Ey,—a—2ycoska

1 1d%E 1 2ya® a*
iy T F(_Z y)(—a)acoska = Tcoska = ﬁ(EO —a—E)
1dE 1 _ 2ya
v = Eﬁ = ﬁ(zya sinka) = Vpax = T
Emax=E|k:—n/a:E0_a+2y Emin = E k=0=EO_a_2y

Bandwidth: Eyq — Epax = 4y ‘
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Conductor, Semiconductor & Insulator

U Band theory of solids leads to the possibility of distinguishing between conductors,

semiconductors and insulators.
U Consider a particular energy band to be filled up with electrons up to a certain value k;.

U In order to study the effect of an external electric field, we need to know how many electrons are

equivalent to ‘free electrons’ in the band containing certain number (say, N) of electrons.

U The answer to this point, presumably, leads to draw a conclusion on the conductivity associated to

this particular energy band.

1
|
!
I
I
A

- > k
-rja -k ky r/a

(c) Dr. P. Mandal

Solid State Physics, A J Dekker
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Conductor, Semiconductor & Insulator

The effective number of free electrons in the energy band N,rr = Y fi
For a 1D lattice of length L, the number of states (excluding spin) within the interval dk is L dk/2n

k k
L\ [ L my ( d2E 2Lm)\ [dE
Nepr = 2% {50 ffkdk: - Xz(ﬁ) arz =\ 7w N\ ax
—kq 0 k1

..m _m d%E
'f"_m*_hz dk?

U N,sr in a completely filled band vanishes because (dE /dk)y,=r/q = 0

U N,fs reaches a maximum for a band filled to the inflection point of the E — k curve as dE/dk is

maximum at the inflection point.

(c) Dr. P. Mandal . .
Solid State Physics, A J Dekker
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Conductor, Semiconductor & Insulator

U Thus, a solid having certain energy bands completely filled and other bands completely empty,

behaves as an insulator.
a solid containing an incompletely filled energy band shows

W On the other hand,

metallic/conductor character.

'y
Conduction band cB
3
VB R
D —
Insulator Semiconductor Metal

(c) Dr. P. Mandal
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Conductor, Semiconductor & Insulator

Fig. 10-7a can occur actually only at absolute zero, when the crystal is in
its lowest energy state. At temperatures different from zero, some electrons
from the upper filled band will be excited into the next empty band
(*‘conduction band’’) and conduction becomes possible. If the forbidden
energy gap is of the order of several electron volts, however, the solid will
remain an “insulator”’ for all practical purposes. (An example is diamond,
for which the forbidden gap is about 7 ev. )For a small gap width, say
about 1ev, the number of thermally excited electrons may become
appreciable and in this case one speaks of an intrinsic semiconductor.
Examples are germanium and silicot. It is evident that the distinction
between insulators and intrinsic semiconductors is only a quantitative one.
In fact, all intrinsic semiconductors are insulators at T = 0, whereas all
insulators may be considered semiconductors at 7 > 0. It may be noted
here that the conductivity of semiconductors in general increases with

increasing temperature, whereas the conductivity of metals decreases

27

Concept of Hole

U In an intrinsic semiconductor a certain number of electrons are thermally exited from the upper
filled band into the conduction band at temperature above 0K, leaving some of the states in the

normally filled band vacant. These unoccupied states lie near the top of the filled band.

U Consider a single unoccupied state — the ‘hole’, in the filled band of a 1D lattice and consider its

influence on the collective behaviour of this band in presence of an external electric field.

U In absence of external electric field, the current due to all the electrons in a completely filled band

(c) Dr. P. Mandal

Solid State Physics, A J Dekker
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Concept of Hole
If the jth electron were missing I'=—e Z U; = ey
i%)

In presence of an external electric field F, the rate of change of the current I’ is

dI' dp;
— o 2¥ 0

dt - dt

e?F _dv _eF

m]* 'E_m*

As the vacant state (‘hole’) lies near the top of the band, the effective mass m}‘ is negative which

makes dI'/dt positive. In other words, a state in which an electron is missing behaves as a

‘positive hole’ with an effective mass |mj*

(c) Dr. P. Mandal

Solid State Physics, A J Dekker

Hall Effect

O The Hall effect is the production of a voltage difference (the Hall voltage V) across a conductor
or semiconductor, transverse to an electric current (J, ) in the conductor/semiconductor and to an
applied magnetic field (B,) perpendicular to the current.

U Discovered by Edwin Hall in 1879.

U The Hall coefficient is defined as the ratio of the induced electric field to the product of the

current density and the applied magnetic field.

Ey

B,

U Ry is the characteristic of the material from which the conductor/semiconductor is made, since

Ry

its value depends on the type, number, and properties of the charge carriers that constitute the

current.

https://en.wikipedia.org/wiki/Hall effect
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Metals:

Hall Effect

F= —eEH = evBy = EH = —evBy

- = ~
] = —nev = nevx

o R_Ey_—evB_l
H _]sz " (nev)B~  ne
Hall Coefficient and Mobility:
5 - R S 5 E, = uEB = RyJ,. B
v =uE = uEx Ey =¥ x B = uEB(& x 2) = —uEBY y H)xDBz
= uEB = Ry (dE)B
= u=o0Ry
31
Hall Effect
Semiconductors:

Solid State Physics: S P Kuila

32
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Semiconductors:

Hall Effect

Solid State Physics: S P Kuila
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Semiconductors:

Hall Effect

hysics: S P Kuila

34
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Hall Effect

Hall Coefficient — Experimental Determination:

Ey = RyJxB,
I Vy
]x = w’ EH =

d

(H)
E Vub
Ry H d H

=]xBZ_B<%) IB

35

Applications:

Hall Effect

hysics: Gupta & Islam
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