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1. Metric Spaces: Introductory Concepts

1. Definition: A metric space is an ordered pair (X, d) where X is any nonempty set  

and d: Xx X → ℝ≥0 is a mapping satisfying

a)d(x, y) = 0 if and only if x = y.

b) d(x, y) = d(y, x) for all x, y in X.

c)d(x, y) + d(y, z) ≥ d(x, z) for all x, y, z in X.

The mapping d: Xx X → ℝ≥0 satisfying a), b), c) is called a metric on X.

If there is no ambiguity over the metric d then simply we call X is a metric space.

A mapping d: Xx X → ℝ≥0 satisfying b), c), and a’): d(x,x) = 0 for all x is

called a pseudometric on X and then (X,d) is called a pseudometricspace.

2. Examples: Some familiar examples of metric spacesare

n
i= 1 i i

2
1. Let X = ℝn u   is defined by 𝐮(x, y) = √∑ (x −  y )2 for x =

𝑛 𝑛 𝑛 𝑛 𝑛 𝑛
2 2 2

3

(x1, x2, … xn) ∈ ℝnand y = (y1, y2, … yn) ∈ ℝn.

Then 𝐮(x, y) ≥  0 ∀ x, y ∈ ℝn.

a) 𝐮(x, y) = 0 if and only if xi = yi ∀ i = 1,2, … , n iff x = y

b) 𝐮(x, y) =  𝐮(y, x) ∀ x, y ∈ ℝn

c) Suppose x = (x1, x2, … xn), y = (y1, y2, …  , yn), z = (z1, z2, … , zn) ∈ ℝn

Let a i  =  xi −  yi, bi =  yi −  zi ∀ i =  1, 2, … , n.Then from Cauchy -

Schwarz's  inequality, ∑𝑛 (a i  +  b i)
2 =  ∑𝑛 (a i)

2 +  ∑𝑛 ( b i)
2 + 2 ∑𝑛

aibi ≤
i=1 i=1 i=1 i=1

2

∑ ( a i )
2 + ∑ ( b i)

2 + 2 √ ∑ ( a i ) 2 .∑ ( b i)2 = ( √ ∑ ( a i ) 2 + √ ∑ (

b i ) 2 )

i=1 i=1 i=1 i=1 i=1 i=1

Taking square root both sides of the inequality, 𝐮(x, z) ≤ 𝐮(x, y) +  𝐮(y, z)

showing that 𝐮 is a metric onℝn.
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This metric is called the Euclidean metric on ℝn

In a similar way ℂn can be shown as a metric space with the Euclidean metric  

defined asfollows:

i i
n   
i= 1

2
|x −  y |2 for x =2. ℂn with the metric u defined by 𝐮(x, y) =  √∑ 

(x1, x2, … xn) ∈ ℂn and y = (y1, y2, … yn) ∈ ℂn .

n= 1

n=

1

3. Given any non empty set X, let d be defined by d(x, y) =  0 if x =   

y in Xand = 1 if x ≠ y in X.

Then d(x, y) ≥  0 ∀ x, y ∈ X.

it can be easily verified the defining conditions a) and b) of a metric. Toestablish

c) we observe that for all x, y, z in X, d(x, y) + d(y, z) = 0 (if x = y = z) =   

d(x, z), ≥ 1 ( if not all x, y z are equal) ≥ d(x, z) .

So d is a metric on X called the discrete metric and X is called a discrete metric  

space.

4.Suppose X= C[a, b], and ρ is defined by ρ(x, y) = sup{|x(t) − y(t)|: t

∈ [a, b]} for all x, y in C[a, b].

Then it can be easily verified that ρ is a metric on C[a, b], called the supremum  

metric or uniform metric.

5.For X = l∞ = set of all bounded sequence of real or complex numbers,

d∞ defined by d∞(x, y) = sup{|xn − yn |: n ∈ N} for all x = (xn)n, y

= (yn)n in l∞is a metric

6. Let 1 ≤  p <  ∞. Consider the set lp of all sequences (xn)n of real orcomplex
1

numbers such that ∑∞ |xn |p < ∞. Define dp(x, y) = (∑∞ |xn −

yn |p) p
for all x =  (xn)n, y =  (yn)n in lp. Then dp is a metric on lp.

7. If (X, d) is a metric space, then let us define d∗ on X by d∗(x, y) =
d(x,y
)1+

d(x,y)

∀ x, y ∈ X . Then d∗ satisfies a) b) of definition 1.1. To check thetriangle
x

1+ x
inequality [ c) of definition 1.1 ] we see that the mapping x → ∀x ≥  0 is an

4
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increasing function in x.  So for any x, y, z ∈ X, d(x, y) +  d(y, z) ≥  d(x, z) 

⇒d(x,y)+ d(y,z)

d(x,z
)

1+ d(x,y)+ d(y,z)

1+ d(x,z
)

≥ .

⇒
d(x,y)

d(y,z
)

+ ≥
1+d(x,y) 1+d(y,z)

1+d(x,z)

d(x,z
) ⇒ d∗(x, y) +  d∗(y, z)

≥
d∗(x, z) for all x, y, z in X.

Thus  d∗ is a metric on X.

Using the method used to establish triangle inequality in example 7, we can  

show that

8. Suppose X be the set of all real or complex sequences. For x =
| x n−yn |

n 2n (1+ |x n−yn |

)

5

.(xn) and  y = (yn) ∈ X, let us define ρ(x, y) = ∑

Then ρ is a metric on X.

1.3. Property: If (x, d) is a metric space and x, y, z are in Xthen

|d(x, z) − d(y, z)| ≤ d(x, y) … …  … (1)

Theproof follows from the Triangle inequality in the defining conditions of a  

metric and the symmetry in (1) between x and y.

1.4 Example of pseudometric space:

1.For X= C[0,1], if ρ is defined by ρ(x, y) = inf{|x(t) − y(t)|: t ∈ [0,1]} 

for all x, y in C[0,1] then ρ is a pseudometric on X.

5.Definition: Given a metric space X, if a ∈ X, r >  0 then B r(a) =  {x ∈

X: d(x, a) < 𝑟} is called the open ball

and Br[a] = {x ∈ X: d(x, a) ≤ r} is called closed ball with center a and radius r.

6. Definition: A subset S of a metric space X is said to be open in X if for every

a ∈ S, there is some r > 0 𝑠𝑢𝑐h that B r(a) is a subset

of S.

A subset F of X is said to be closed in X if X\F is open in X.

Apoint x in a metric space (X, d) is said to be an isolated point if {x} is an open set  

in X. (X, d) is said to be discrete if every point is isolated.
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7.Proposition: In any metric space (X, d), every open ball is an open set and  

every closed ball is a closed set.

Proof: Suppose a ∈ X, r >  0 where (X, d) is a metric space. We shall showthat

B r(a) is open in (X, d).

Let p ∈ Br(a). Then d(p, a) < 𝑟. Choose r1 = r − d(p, a). Then r1 > 0.

Now if x ∈ Br1
(p) then d(x, a) < = 𝑑(x, p) + d(p, a) < r1 + d(p, a) = r. So

Br1 
(p) ⊆ Br(a). Hence B r(a) is open in (X, d).

Toshow that Br[a] is aclosed set in (X, d) we see that if p ∈ X\ Br[a], then

d(p, a) > 𝑟. Choose r1 = d(p, a) − r > 0. Then for any x ∈ Br1
(p), d(x, a)

> =   d(p, a) − d(x, p) > r showing that Br1
(p) ⊆ X\ Br[a]. SoX\ Br[a] is

open and  hence Br[a] is a closed set in (X,d).

8.Examples: a) In the Euclidean metric space ℝ any open ball with center a is  

Bδ(a) =  {x ∈ ℝ: |x −  a| <  𝛿} =  (a −  δ, a +  δ) and the closed ball is Bδ[a] 

=   [a − δ, a + δ] which are respectively the open and closed intervals inℝ.

b)If d be the discrete metric as defined in example 3 of 1.2 then every singleton  

subset is open as well as a closed set  as    for every  x ∈ X, {x} =  B1(x) =B1[x].
2 2

c) The metric space (X, d) given in example 3 of 1.2 is a discrete metricspace.

1.9 Theorem( Hausdorff property): For any two distinct points a, b ina 

metric  space (X, d) there are two open sets U and V in X  having theproperty:

a ∈ U, b ∈ V, U ∩ V =  ∅. In other words any two distinct points can be  

separated by open sets.

2 r r

6

Proof: Since a ≠  b d(a, b) >  0. Let r =  
d(a,b) 

, U =  B (a)and V = B 
(b).
Then U and V serve the desire property.

1.10 Properties of open and closed sets: In any metric 

space (X, d)

a) Arbitrary union of open sets is again an openset.



7

Lecture Notes on Metric Spaces, G.ADAK

b) Finite intersection of open sets is an openset.

c) G⊆ Xis open in Xif and only if G is the union of some open balls.

Using De Morgan’s law on complementation of sets[i.e. complement  

of arbitrary intersection of sets is the arbitrary union of complement of the sets  

and complement of finite union of sets is the finite union of complement of the  

sets ]we can prove that

d) Arbitrary intersection of closed sets is again a closedset.

e) Finite union of closed sets is a closedset.

Proof: a) Suppose {G𝛼: 𝛼 ∈ Γ} be a family of open sets in (X, d). We shall show  

that ⋃𝛼∈ Γ G𝛼 is alsoopen.

If x ∈ ⋃𝛼∈ Γ G𝛼 then x ∈ Gβ for some β ∈ Γ. Since Gβ is an open set, there is an

r >  0 such that Br(x) ⊆ Gβ ⊆ ⋃𝛼∈ Γ G𝛼. So ⋃𝛼∈ Γ G𝛼 is open.

b) Suppose {Gi: i ∈ {1, 2, . . . , n}} be a finite family of open sets in (X, d). Weshall 

show that ⋂n Gi    is also open. If x ∈ ⋂n G then x ∈ G for all i. G beingan
i=1 i=1 i i i

open set there is some ri  >  0 such that Br i
(x) ⊆ Gi. Choose r =  min {ri: i =

i= 11,2, . . . n} > 0. Then Br(x) ⊆ Gi ∀ i = 1,2, . . . , n which implies Br(x) ⊆ ⋂n

Gi.So⋂n Gi isopen.
i=1

c) If G is the union of some open balls then each open ball being an open 

set  from (a) it follows that G is an open set. Conversely if G⊆ Xis open in X 

then G =  ⋃g∈ G Brg 
(g) for some rg > 0.

1.11 Definition: In a metric space (X, d) a subset A⊆

Xis said to be a neighbourhood of a point a in Xif there is a positive

real number r such that a ∈ B r(a) ⊆ A. In that case a is said to be an interior  

point of A. Theset of interior points of a subsetAof Xis called the interior of Aand  

is denoted by intX(A).

A point p is said to be an accumulation point of a subset A of the metric space  

(X, d) if for each r > 0, B′r(a) ∩  A ≠  ∅. The set of all accumulation points of A is  

called derived set of A and it is denoted by Ad.
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A point p is said to be an adherent point of a subset A of the metric space (X, d)  

if for each r >  0, B r(a) ∩  A ≠  ∅. The set of all adherent points of A is called  

closure of A and it is denoted by clX(A).

12. Remark: In a metric space (X, d) for each a ∈ X,

the countable family N(a) = {Br(a) ∶ r is a positive rational } 

forms a  neighbourhood base at a. In that sense every metric space is a first

countable  topological space.

The following are straightforward from thedefinitions:

13. Properties: In any metric space (X,d)

a) intX(∅) =  ∅, intX(X) =  X, clX(∅) =  ∅, clX(X) = X.

b) G⊆ Xis open in X  if and only if G = intX(G).

c) intX(G) is the largest open set in X  contained in G.

d) intX(G) = ∪ {A⊆ G  ∶ Ais an open subset of X}.

e) For any A ⊆ X, clX(A) =  A ∪ Ad.

f) For any A⊆ X,clX(A) is the smallest closed set in Xcontaining A.

g) For any A  ⊆ X, A is closed in X if and only if A = clX(A).

h) For any A⊆ X,Ad is a closed set in X.

i) For any A ⊆ X, clX(X \A) =  X \intX(A) and intX(X \A) =  X\clX(A).

j) For any A ⊆ X, B ⊆ X,

(i) A ⊆ B implies intX(A) ⊆ intX(B), clX(A) ⊆ clX(B) (ii)intX(A ∩ B)

=  intX(A)∩ intX(B), clX(A∪ B) = clX(A) ∪ clX(B).
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14.Definition: A subset A ⊆ X is said to be a Gδ set (Fσ set) if it can be  

expressed as a countable intersection( union) of open(closed) subsets of (𝑋, 𝑑).

15.Definition: A family B of open subsets of a metric space (X, d) is said to be a  

base for open sets if every open set can be expressed as a union of some  

members(possibly void) of B.

In a metric space (X, d) the family of open balls is a base for opensets.

16.Definition: In a metric space (X, d) a point a is said to be a boundary point of

A⊆ X if a is neither an interior point of A nor an interior point of X \A. The

set of boundary points of Ais called boundary of Aand is denoted by bdX(A).

17. Distance between sets and diameter:

Let (X, d) be a metric space, A⊆ X, B ⊆ X, x ∈ X. The distance between A and  

B  denoted by d(A, B) is d(A, B) =  inf{d(p, q) ∶ p ∈ A, q ∈ B}. The distance  

between A and the point x denoted by d(x, A) isd(x, A) =  inf{d(x, p) ∶ p ∈ A}.  

The diameter of A denoted by diam(A) or d(A) is diam(A) = sup{d(p, q): p ∈

A, q ∈ A}.

Thesubset Ais said to be bounded if diam(A) is finite. Otherwise it will be  

unbounded.

18. Properties: In ametric space (X, d) if A⊆ X,B ⊆ X,p ∈ X, then

(i)p ∈ clX(A) if and only if d(p, A) = 0.

(ii) A ⊆ B ⇒ d(A) ≤ d(B).

(iii)d(clX(A), clX(B)) = d(A, B).

(iv) d(clX(A)) = d(A).

(v) d(A ∪ B) ≤ d(A) + d(B) + d(A, B).

Proof: (i) Suppose p ∈ clX(A). Then for any δ > 0 Bδ(p) ∩  A ≠  ∅. If a ∈

Bδ(p) ∩  A then d(p, A) ≤  d(p, a) <  𝛿 implies d(p, A) =  0. Conversely if  

d(p, A) = 0 then for any δ > 0, there is some a ∈ Asuch that d(p, a) <

𝛿 .  Evidently a ∈ Bδ(p) ∩  A. So p ∈ clX(A).
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(ii) This is trivially follows from thedefinition.

(iii)Since A⊆ clX(A), B ⊆ clX(B) from the definition and the property of infimum,  

it is clear that d(A, B) ≥ d(clX(A), clX(B)).......(1). Now for any δ > 0 and for any

X X 4
x ∈ cl (A), y ∈ cl (B) there are a ∈ A, and b ∈ B such that d(a, x) <

δ 

,d(b, y) <
δ

Then d(a, b) ≤ d(a, x) + d(x, y) + d(y, b) < 𝑑(x, y) +
δ
.

So .
4 2

2
d(A, B) ≤ d(a, b) < 𝑑(x, y) +

δ
. Taking infimum over x, y we

get
X X 2 X Xd(cl (A), cl (B)) +  

δ 
≥ d(A, B). Since δ >  0 is arbitrary, d(cl (A), cl (B))

≥
d(A, B)............(2)From (1) and (2) it follows that d(clX(A), clX(B)) = d(A, B).

(iv) Clearly d(clX(A)) ≥  d(A). ..........(3) Now for any δ > 0 and for any x ∈

X X 4
cl (A), y ∈ cl (A) there are a ∈ A, and b ∈ A such that d(a, x) <  

δ 
, d(b, y)

<δ. Then d(x, y) ≤ d(x, a) + d(a, b) + d(b, y) < 𝑑(a, b)
+

δ

4

X
. So d(cl (A) ≤

2

2 X
d(a, b) +

δ
. Taking supremum over a, b we get d(cl (A)) ≤ d(A, B) +

δ

Since .
2

10

δ > 0 is arbitrary, d(clX(A)) ≤ d(A, B)............(4) From (3) and (4) it follows that

d(clX(A), clX(B)) = d(A, B).

(v) Now for any a, b ∈ A∪ B, there are three cases:

1. If a, b ∈ Athen d(a, b) ≤ d(A) ≤ d(A) + d(B) + d(A, B).

2. a, b ∈ B then d(a, b) ≤ d(B) ≤ d(A) + d(B) + d(A, B).

3.a ∈ A,b ∈ B then for any x ∈ A,y ∈ B, d(a, b) ≤ d(a, x ) + d(x, y) +

d(y, b) ≤   d(A) + d(x, y) + d( B).

Taking infimum over a ∈ A,b ∈ B in left side and over x ∈ A,y ∈ B right side

we  obtain the desireresult.

19. Definition: Given a nonempty set X, two metric d and d1 are said to be

equivalent if every open set in (X, d) are open in (X, d1) and vice versa.

20. Property: The following are equivalent for two metric spaces (X, d) and(X, m)

(i) Two metrics d and m on a set X areequivalent

(ii)There are two positive numbers r1 and r2 such that for all x, y in X,
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r1d(x, y) ≤ m(x, y) ≤ r2 d(x, y).

(iii There is a positive number c such that for all x, y in X,

c

1
d(x, y) ≤ m(x, y) ≤ c d(x,

y).

1.21 Examples: (a) Given any metric space (X, d) the bounded metrics d1 and

d2
1 1+d(x,y

)

defined by d  (x,  y) =  
d(x, y )

for all x, y in X

11

equivalent with d.

ρ∗ (x, y) = |x1 −  y1|

+

and d2(x, y) = min{1, d(x, y)} for all x, y in X  are

(b) On ℝn the two metrics ρ∗ and ρ+ defined by,

|x2 −  y2 | +  … +  |xn − yn |

and ρ+(x, y) = max{ |x1 − y1|, |x2 − y2|, … , |xn − yn|} are two

equivalent  metrics.

22. Metric subspace:

Suppose Y be a nonempty subset of a metric space (X,d). Then the restriction  

mapping of d on the set Yx Y is indeed a metric on Y. The metric space (Y, d) is  

called a metric subspace of (X,d).

23.Remark: In a metric subspace (Y, d) as the metric d is the restriction of  

original metric d of (X, d) the open and closed balls in (Y,d) are precisely the  

intersection of Y with the open and closed balls of (X,d) respectively . Also the  

open and closed sets in (Y,d) are precisely the intersection of Ywith the open and  

closed sets in (X, d) respectively.

24.Example: The metric subspace ℕ of the Euclidean metric space ℝ is a  

discrete metric space.

2. Completeness Property of Metric

Spaces
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One of the most important property of a first countable topological space is  

the its closed sets can be described by the convergence of the sequences from that  

set. We shall now discuss about the convergence of a sequence in a metric space.

1.Definition: In a metric space (X, d) a sequence (xn)n is said to converge to a

point x ∈ X if for every ε > 0 there is a positive integer n0 such that n ≥ n0 ⇒

d(xn, x) < ε .

A sequence (xn)n is said to be covergent if it converges to a point x in X.

A sequence (xn)n is said to be a Cauchy sequence if for every ε >  0 there is a  

positive integer n0 such that n, m ≥ n0 ⇒ d(xn, xm ) < ε .

2.Note: If a sequence (xn)n is convergent then it converges to a unique  

point(due to Hausdorff property of the metric space ). The point is called the limit  

of the sequence  (xn)n  and we denote it by lim xn .

Also we often write xn → x if (xn)n converges to x .

2.3 Properties: In a metric space (X, d) if A ⊆ X, x ∈ X, y ∈ Xthen

(i) If (xn)n is convergent then it is a Cauchy sequence.

(ii) If (xn)n is convergent then every subsequence of (xn)n is convergent.

(iii) If xn → x and yn → y then d(xn, yn) → d(x, y).

(iv) x ∈ clX(A) if and only if there is a sequence (xn) in A such that xn →x.

(v) x ∈ (A)d if and only if there is a sequence (xn) in A \{x} such that xn → x.

2.4 Theorem: In a metric space (X, d) if a Cauchy sequence (xn)n has 

a  convergent subsequence then the sequence (xn)n isconvergent.

Proof: Suppose (xn)n be a Cauchy sequence which has a convergent subsequence

(xn r
)

r  
. Let (xn r

)
r  

converges to x. Then for each ε >  0, a positive integer

1 n m 2 1k   such that  d(x , x ) <  
ε 
for n, m ≥  k . Also there is a positive

integer
2 n r 2 2 k1 2

12

k such that d(x , x) <  
ε  

for r ≥  k .  Choose k = max (n , k ), then n ≥  k ⇒

d(xn, x) ≤ d(xn, xn r
) + d(xn r

, x) < ε.

2.5 Theorem: In a metric space (X, d) every Cauchy sequence isbounded.
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Proof: Suppose (xn)n be a Cauchy sequence. Choose a positive integer

k such that d(xn, xm ) <  1 𝑓𝑜𝑟𝑛, 𝑚 ≥ k.

Let b = 1 + max{ d(xn, xm): n, m ≤ k }. Then d(xn, xm ) ≤ b for all n, m.

The structure of the metric space will be very concrete in study of many  

interesting problems of mathematical analysis if we imposesome extra property  

namely completeness.

6.Definition: A metric space (X, d) is said to be complete if every Cauchy  

sequence in (X, d) is convergent in (X,d).

Ametric space (X, d) is said to be incomplete if it is not complete.

The completeness axiom for the real numbers is equivalent to the

completeness of the metric spaceℝ and from this we conclude that ℝ𝑛 is also

complete. Somenontrivial examples of complete metric spacesare:

7. Examples:

(a)Theset X= C[0,1] with the metric ρ defined by ρ(x, y) = sup{|x(t)

−   y(t)|: t ∈ [0,1]} for all x, y in C[0,1] is acomplete metric space.

Proof: Let(fn)n be a Cauchy sequence in C[0, 1]. Then for every ε > 0

there is a positive integer n0 such that n, m ≥  n0 ⇒ ρ(fn, fm) <  ε. This implies

sup{|fn(t) − fm(t)|: t ∈ [0,1]} < ε for n, m ≥ n0 . Thus |fn(t) − fm(t)| <

ε for every t ∈ [0,1] and for n, m ≥ n0 . So the sequence is uniformly 

convergent  in [0, 1]. Since the uniform limit of a sequence of continuous 

functions is also a  continuous function the sequence (fn)n is convergent. So C[0,1] 

is a complete  metric space.

(b) If E is a measurable subset of ℝ and 1 ≤  p ≤  ∞, Lp =  {f: E → ℝ ∶

f is measurable and |f|p is integrable over E} (with the assumption 

that f =   g in Lp iff f =  g a. e. on E) then ρ defined by ρ(x, y) =
1

(∫ |x −  y|p) p  for all x, y in Lp is a metric on Lp and from Riesz- Fischer theorem

it can be shown that Lp is a complete metricspace.

13
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2.8 Some Examples of Incomplete metric spaces:

(a) The Euclidean metric space ℚ is an incomplete metricspace.

a
(b) For X= C[a, b], the metric ρ defined by ρ(x, y) = ∫

b |x(t) − y(t)|

dt

isan

incomplete metric.

(c) Weierstrass’s theorem tells us that the set P[a, b] of all real valued polynomial  

functions on [a, b] with respect to the supremum metric is an incomplete metric  

space.

In fact, the following is the characterisation of a subspace of a complete  

metric space to become a complete metricspace.

2.9 Properties:

(1) Suppose (X, d) be a complete metric space and M be a nonempty subset of

X. Then the metric subspace (M, d) is complete if and only if M is a closed subset  

of X.

Proof: If M is complete then any sequence (xn)n in M which converges to a point

x ∈ X, x can not be outside of M. So M is closed.

Conversely if M is a closed subset of (X, d) and if a sequence (xn)n is Cauchy in M  

then it is Cauchy in (X, d) also. X being complete, (xn)n converges to a point x in

X. Then x is an adherent point of M. M being closed, x must be in M. So M is  

complete.

(2)If (X, d) and (Y, ρ) are two metric spaces, then the product space X x Y is  

complete if and only if both X and Y are complete metricspaces.

Proof: The result follows from the fact that two sequences (xn)n in X and  (yn)n  

in Y are Cauchy (convergent)sequences in the respective metric space if and onlyif  

(xn, yn)n is Cauchy (convergent)sequence in X xY.

(3)(Cantor’s intersection theorem): Let (Fn)n be a contracting sequence of  

nonempty closed sets in a metric space (X, d ) such that diam(Fn) → 0 as n →

∞.  Then  (X, d)  is complete if and only if ⋂n Fn is a singleton set.

Proof: First assume that X is complete. Let (Fn)n be a contracting sequence of  

nonempty closed sets in a metric space (X, d ) such that diam(Fn) → 0 as n →
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∞. For each index n select xn ∈ Fn. We claim that (xn)n is a Cauchy sequence.  

Indeed, for each ε >  0 , there is n0 ∈ ℕ such that diam(Fn0 
)  <  ε. Since 

(Fn)n is  contracting if n, m ≥  n0 then xn, xm ∈ Fn0 
and d(xn, xm ) ≤  

diam(Fn0 
) <

ε. Since X is complete (xn)n converges to some x ∈ X. However for each index 

n,  Fn is closed and xk ∈ Fn for k ≥  n so that x ∈ Fn for all n. So ⋂n Fn ≠  ∅.

If

⋂n Fnanother y distinct from x is in , then diam(Fn) ≥ d(x, y) ↛ 0 leads to

a  contradiction.

To prove the converse, suppose that for any contracting sequence (Fn)n of

nonempty closed subsets of X, there is a point x ∈ X for which ⋂n Fn = {x}. Let

(xn)n be aCauchysequence in (X, d). For each index

n, let Fn be the closure of the nonempty set {xk: k ≥  n}. Then (Fn)n is a  

contracting sequence of nonempty closed sets . So ⋂n Fn =  {x} for some x ∈ X.  

Clearly then (xn)n converges to x. Therefore X iscomplete.

Roughly speaking a metric space fails to be complete because it has “holes”. If  

X is an incomplete metric space, it can always be suitably minimally enlarged to  

become complete.

10.Definition: Given two metric spaces (X, d) and (Y, ρ) a mapping f: X → Y is  said 

to be an isometry from X into Y if d(p, q) =

ρ(f(p), f(q)) for every pair p, q ∈ X. Xand Y are said to be isometric if there is  

an isometry from X ontoY.

A completion of a metric space (X, d) is a complete metric space (Y, ρ)  

such that there is an isometry f from X into Y and f(X)is dense inY.

The following theorem ensures that there is a completion of a metricspace  

which is unique in sense of isometry.

11. Theorem: Every metric space has a completion. Also if (̅X, ρ) and (X̅1, ρ1)

are two completion of a metric space (X, d) then they are isometric.

Proof: Suppose (X, d) be a metric space.

Step 1.  Let X′ denote the set of Cauchy’s sequences on X.  Let us define arelation

~ on X′ by (xn)n ~ (yn)n if lim d(xn, yn) = 0. Then ~ is an equivalencerelation
n→∞

on X′. Let ̅X =  X ′ /~ be the set of equivalenceclasses.
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Step 2. Let us define ρ ∶ ̅X x ̅X → ℝ by

for all (xn)n, (yn)n in ̅X , ρ((xn)n, (yn)n ) =  lim d(xn, yn).

The mapping is well defined. It is a routine matter to check that ρ is a metric on̅X.

Step 3. We shall now show that ̅X is a complete metric space.

n    n m n nn n
Let (xm ) , be  a Cauchy sequence  in ̅X.  Then ρ ( (xp ) , (xq) )  → 0 as p, q

→∞.

Also for each m, (xm ) ,n  n m is a Cauchy sequence in (X, d). So we may assumethat

2nn+ 1 n n

16

n n nd(xm , xm ) <  
1  

for each n.Let y =  xn. Then y =  (y ) is a Cauchy sequence in

(X, d) indeed d(y , y )  =  d(xp, xq) → 0 as p, q → ∞. Also ρ((xm) , y )

→
n  n m

p q p q n n

0 as m →  ∞  implies (xm ) , is convergent.

Step 4. Suppose f: X → ̅X be the mapping defined by f(x) =   

(x)n, the constant sequence.

Then for x, y in X, ρ(f(x), f(y)) =  lim d(x, y) =  d(x, y) implies f is an
n→∞

isometry.

Also  for each x̅ =  (xn)n in ̅X, and for each ε >  0,  there is k ∈ ℕ such that

d(xn, xm ) <  ε for n, m ≥  k. Let x =  xk. Then   f(x) = (x ) ∈ Bε(x̅)  implies

f( X) is dense in ̅X.

Consequently ̅X is a completion of X.

Step 5. Let (̅X1, ρ1) be another completion of X where g: X → ̅X1 be an isometry  

with g( X)  dense in ̅X̅1̅.We have to define a mapping π from ̅X onto ̅X1 which

will be an isometry. Pick any x̅from ̅X. There is a sequence (f(xn)) in f( X)
n

converges to x̅. f(xn) being a constant sequence, ρ(xn, x̅) → 0 as n →∞.

This implies (xn) n  is a Cauchy sequence in (X, d). Then (g(xn)) is aCauchy
n

sequence in (̅X1, ρ1). ̅X1 being complete, (g(xn)) converges to some x̅1 .
n

Denote x̅1 by π(x̅ ).

Then π is well defined. It can be easily shown that π is anisometry
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between ̅X and ̅X1.

Baire’s Category Theorem

The concept of first and second category are ways of describing in a certain  

sense, the size of a metric space. They are based in turn on the concept of a  

nowhere dense set.

12.Definition: A subset A of a metric space (X, d) is said to be nowhere dense  set 

in X if intX(clX(A)) =  ∅. In other words the closure of A does not contain a  

nonempty open set.

13.Examples: (i) Every finite subset of the Euclidean metric space ℝ is a nowhere  

dense set inℝ.

(ii)In a metric space (X, d) any set consisting of a convergent sequence (with or  

without limit) is a nowhere denseset.

(iii)Theset of rational numbersℚ is not a nowhere dense set in the setℝ with  

Euclidean metric.

(iv)The set of irrational numbers is also not anowhere dense set in the set ℝ with  

Euclidean metric.

(v)The Cantor’s set (constructing by removing middle 1/3 open interval in each  

step from [0, 1] ) is an uncountable subset of [0, 1] which is a nowhere dense set.

2.14 Properties : In a metric space (M, d) (i) an open subset A is dense in (M, d)  if 

andonly if M \ A is nowhere dense in (M, d).(ii) If M has no isolated point then  

closure of a discrete set is a nowhere dense set. (iii) the boundary of an open set is  

closed and nowhere dense. (iv) every closed nowhere dense set is the boundary of  

an open set.

Proof: (i) M \ A is nowhere dense in (M, d) ⇔ intM( clM( M \A)) =  ∅⇔ M \

clM(A) =  ∅⇔ (clM(A)) =  M ⇔ A is dense in M.

(ii) Let D be a discrete subset of M. Suppose D is not a nowhere dense set. Then  we 

have a nonempty open set U ⊆ clM(D). There must be an element a ∈ U ∩ D.  

Then there exists an r > 0 such that B r(a) ⊆ U and contains no other points of D.
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Since M has no isolated points, there is a y ≠ a in Br(a). Then every open ball  

centred y must intersect D, contradicts that D isdiscrete.

(iii) Let U be an open set in (M, d). Then bdM(U) =  clM(U) \ intM(U) =   

clM(U) \U is a closed set. Also if A is a nonempty open set contained in  

bdM(U) then there is some y ∈ Ud ∩ A. SinceAis open there is some

r >

0 𝑠𝑢𝑐h that B r(y) ⊆ A ⊆ clM(U) \U a contradiction. So bdM(U) is nowhere  

dense set.

(iv) Suppose F be a closed nowhere dense subset of M. Let U =  M \F. Then U is  a

dense open set and F = M \U = clM(U) \U = bdM(U).

2.15 Definition: Asubset of a metric space is of (i) the first category if it

is  expressible as a countable union of nowhere densesets.

(ii) the second category if it is not of the first category.

We shall now state thetheorem which is known as Baire’s category theorem.

2.16 Theorem: Every complete metric space is of secondcategory.

1

1

Proof: Suppose on the contrary that the complete metric space (M, d) is a  

countable union ⋃n An of nowhere dense sets. We begin a construction which  

leads us to a contradiction. A1 being nowhere dense, it will be disjoint from a ball.  

We can take it to be a closed ball S1 of radius ≤  1. A2 being nowhere dense, it will

be disjoint from a ball. So there is a closed ball S2 of radius ≤  
2 

and S2 ⊆

S1 and S2 ∩ A2 =  ∅. Continuing in this way we get a descending sequence(Sn)n

of nonempty closed balls with Sn ∩ An =  ∅ and radius(Sn) ≤  
n  

. ByCantor’s

intersection theorem there is a point y in ⋂n Sn . But y lies in none of An’s,

contradicting the hypothesis that M =  ⋃n An.

18

17.Note: Completeness property is a metric property i.e. preserved underany  

isometry, whereas second category property is a topological property. So the  

theorem is a link between metric propertyand topological property.

18. Examples: ( a) The set of rational numbersℚ is of first category.

(b) Denumerableunion of first category subsets of a metric space is also of  

first category.
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(c) From Baire’s category theorem it can be deduce that the set of irrational

numbers is aset of secondcategory.

3. Continuity on Metric Spaces

1.Definition: A function f: (X,d) → (Y, ρ) is said to be continuous at a point a ∈ X

if for every positive ε there is a positive 𝛿 such that d(x, a) < 𝛿 implies ρ(f(x), f(a)) <

ε. Afunction f is continuous on X, if it is continuous at every point of X.

Since a metric space is first countable the continuity of a function at a point can be

characterisedby sequential criteria:

2.Theorem: A function f: (X,d) → (Y, ρ) is continuous at a point a ∈ X if and

only if

(f(xn)) converges to f(a) in (Y, ρ)when every (xn)n converges to a in (X,
d) .

n

Proof: If f is continuous at apoint a ∈ Xand (xn)n converges to a in (X,d)

then for each ε >  0 there is a 𝛿>  0 such that d(x, a) < 𝛿 implies ρ(f(x), f(a))< ε.  

Then there is a positive integer k such that d(xn, a ) < 𝛿 𝑓𝑜𝑟 𝑛 ≥ 𝑘 . Then

ρ(f(xn), f(a) ) <  𝜀𝑓𝑜𝑟𝑛 ≥ 𝑘 implies (f(xn))
n 

converges to f(a) in (Y, ρ).

Conversely if possible let f be not continuous at a . Then there is some ε >  0 

such  that for every choice of 𝛿>  0 there is x1 in X such that d(x1, a) < 𝛿but
∂ ∂

n n n

19

ρ(f(x), f(a)) ≥  ε. Taking 𝛿=  
1 

for each n, there is a sequence (x )

in X,converging to a but (f(xn))
n
does not converge to f(a) in (Y, ρ) leads

to a  contradiction.

3.Definition: A function f: (X,d) → (Y, ρ) is said to be uniformly continuous on X if

for every positive ε there is a positive 𝛿 such that d(x, y) < 𝛿 implies ρ(f(x), f(y)) < ε

for any two x, y in X.

From the definition it is clear that every uniformly continuous 

function is  continuous.

4. Theorem:Afunction f: (X,d) → (Y, ρ) is uniformly continuous on X ifand only if

(f(xn))  is a Cauchy sequence  in (Y, ρ)when ever (xn)n is  a Cauchy 
sequence .

n

Proof: Similar to the proof of theorem 3.2
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5.Theorem: If function f: (X,d) → (Y, ρ) is continuous at a point a ∈ X and  function 

g: (Y, ρ) → (Z, σ) is continuous at a point f(a) ∈ Y then their composition  gof: 

(X,d) → (Z, σ) is continuous at a.

Proof: Follows directly from thetheorem 3.2

6. Theorem: for a function f:(X,d) → (Y, ρ) the following are equivalent:

(a) f is continuous on X.

(b) f−1(G) is open in (X, d) for every open set G in (Y, ρ).

(c) f−1(K) is closed in (X, d) for every closed set G in (Y, ρ).

Proof: (a) ⇒ (c): If p ∈ clX(f−1(K)) then there is a sequence

(xn)n in f−1(K)converges to p in (X, d). From the continuity of f  at p, (f(xn

))n

converges to f(p) in (Y, ρ).  K being closed f(p) ∈ K . So p ∈ (f−1(K)) implies

(c)

(c) ⇒ (b): For every open set G in (Y, ρ) Y \G is closed. Then (c) implies

f−1(Y \G) is closed in (X, d ) which implies X\f−1(G) is closed in X. So (b)

holds.

(b) ⇒ (a): For every positive ε, B ε(f(a)) is an open set containing f(a). Then

f−1(B ε(f(a))) is open set containing a in (X, d). Choosepositive 𝛿 such that

B 𝛿(a) ⊆ f−1(B ε(f(a)). Sof(B 𝛿(a)) ⊆ B ε(f(a) which implies f is continuous at a.

7. Theorem: For any subset A of a metric space (X, d) the mapping f: X → ℝ

defined by f(x) =  d(x, A) for x ∈ X is a uniformly continuous mapping.

Proof: The result follows immediately from the fact that for any x, y

∈ X, | f(x) − f(y)| = |d(x, A) − d(y, A)| ≤ d(x, y).

8.Theorem: For any closed subset Aof a metric space (X, d) there is a  

continuous mapping f: X → ℝ such that f(x) =  0 if and only if x ∈ A.

Proof: Define f: X → ℝ by f(x) =  d(x, A) for x ∈ X. From the previous theorem

3.7 f is acontinuous mapping on Xand f(x) = 0 if and only if d(x, A) =   

0 if and only if x ∈ clX(A) = A.

9.Remark: From theorem 3.6 and 3.8 it is clear that in a metric space a subset is  

closed if and only if it is azero set.

10. Regularity Property: For any closed subset

Aof a metric space (X, d)and x ∈ X\A there are two open sets U and V in

(X,  d)such that A ⊆ U , x ∈ V and U ∩ V = ∅

Proof: Define f: X → ℝ by f(z) =  d(z, A) for z ∈ X. Then d(x, A) =  2r >  0
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From 3.7 f is a continuous mapping on X. Let U =  f −1(−1, r) and V =  f −1(r, 3r).  

Then both U and V are open sets. Then A ⊆ U , x ∈ V and U ∩ V = ∅

3.11 Property: Suppose

Aand B are two disjoint closed subsets of a metric space

(X, d). Then there are two open sets U and V in (X, d)such that A ⊆ U 

,  B ⊆ V and U ∩  V =  ∅(This property is called normal property).

Proof: Define f: X → ℝ by f(z) =
d(z,A)

d(z,A)+ d(z,B
)

for z ∈ X. A and B being disjoint f

is well defined. Also from theorem 3.7 and 3.8 f is continuous function assumes
values 0 on A and 1 on B. Considering U =  f −1 (−1,

1

)
2

and V = f−1(
1

, 2) we
2

21

obtain the desireresult.

12.Property: For any metric space (X, d) the function d: X x X → ℝ isa  

continuous mapping.

Proof: For any( x0, y0) ∈ Xx X, if a sequence (xn, yn)n converges to ( x0, y0)

then  from 2.3 (iii) (d(xn , yn))
n 

converges to d(x0, y0). Hence the function d: X 

x X →  ℝ is a continuous mapping.

13. Theorem: for a continuous function f: (X,d) → (Y, ρ) the graph off

{(x, f(x)): x ∈ X} is a closed subset of X xY.

Proof: Given any convergent sequence (xn, f(xn))
n 

in X x Y if lim (xn, f(xn)) =
n→∞

(a, b) then xn → a in (X, d)and f(xn) → b in (Y, d). Continuity of f at a implies

b = f(a). Sothe graph of f is closed.

14.Theorem: If two continuous functions f, g: (X,d) → (Y, ρ) agree in a dense  

subset of X, then they agree in the whole space X.

Proof: The result follows immediately from the sequential criteria.

15.Theorem: Suppose Abe a dense subset of a metric space (X, d) and

(Y, ρ) be a complete metric space. Then every uniformly continuous function f: A 

→ Y  can be uniquely extended to a uniformly continuous function g: X→ Y.



𝛿→0 𝛿→0

Lecture Notes on Metric Spaces, G.ADAK

Proof: We shall draw the sketch of the proof in the following way: since A is

dense in X for any x ∈ X, choose a sequence (an)n from A converging

to x. Then (f(an))
n

will be a Cauchy sequence in the complete metric space

(Y, ρ).

Define g(x) = lim f(an). Then g is well defined. Clearly gextends f. Uniform
n

continuity of gcan be easily established. Uniqueness follows from theorem3.13.

16.Definition: For two metric spaces (X, d) and (Y, ρ) a mapping f: (X, d) 

→ (Y, ρ)

is said to be ahomeomorphism if f is bijective , f and f−1 are continuous.

17.Definition : (X, d) and (Y, ρ) be metric spaces and f: X → Y be a function. For  a 

point a ∈ X, and for any positive 𝛿, let us define Ω(f, B𝛿(a)) =

sup{ρ(f(x), f(y)): x ∈ B𝛿(a), y ∈ B𝛿(a)}. Ω(f, B𝛿(a)) is called oscillation of f over

B𝛿(a).

18. REMARKS: (1) If f is unbouned in any deleted neighbourhood of the point a,

then Ω(f, B𝛿(a)) will be infinity. So for a bounded function f, Ω(f, B𝛿(a)) must be  

finite for every 𝛿.

(2) If f is abounded function then the oscillation function Ω(f, B𝛿(a)) is increasing  

function. So lim Ω(f, B𝛿(a)) exists and lim Ω(f, B𝛿(a)) = inf{Ω(f, B𝛿(a)): 𝛿 > 0}.

𝛿→0

(3) If B𝛿1 
(b) ⊂ B𝛿(a) then Ω (f, B𝛿1 

(b)) ≤ Ω(f, B𝛿(a)) .

3.19 Definition: If f is a bounded function from a metric space X to R, and a ∈ X,  

then the oscillation of the function f at the point a is defined by lim Ω(f, B𝛿(a)) and

that d(x, a) < 𝛿 implies ρ

it is denoted by ω(f, a).

3.20 Theorem: Suppose f: (X,d) → (Y, ρ) be a function and a ∈ X. Then the  

necessary and sufficient condition for the continuity of f at a is ω(f, a) = 0.

Proof: Suppose f is continuous at a. For any positive ε there is a positive 𝛿 such
ε

𝛿

22

(f(x), f(a)) < . Then for any p, q ∈ B (a), ρ(f(p), f(q)) ≤
2

ρ(f(p), f(a)) + ρ(f(a), f(q)) < 𝜖.

So Ω(f, B𝛿(a)) ≤  ϵ  and hence ω(f, a) = 0.

Conversely, suppose ω(f, a) = 0. Now for any ϵ > 0, there is some positive ∂

such  that Ω(f, B𝛿(a)) < 𝜖.

By definition, ρ(f(x), f(a)) < ε whenever d(x, a) < 𝛿. Which shows that f is  

continuous at the pointa.
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21.Notation: For a function f: (X,d) → (Y, ρ), the set {x ∈

X: f is not continuous at the point x} is denoted by Df.

22. Properties: Suppose f: (X,d) → (Y, ρ) be a function.

Then
1( ) ≥ } is a closed subset ofX.
n

(i) The set Dn  =  {x ∈ X ∶ ω f, x

(ii) The set Df is an Fσ set.

0 n 0 n 𝛿Proof: (i) If x ∉ D then ω(f, x ) <  
1
. That is equivalent to inf{Ω(f, B (a)): 𝛿>

𝛿 0n n
0} <  

1 
. So for any ϵ  >  0, there is some positive 𝛿 such that Ω(f, B (x ))  <

1
.

Then for any x ∈ B𝛿(x0), choose 𝛿1 >  0 such that B𝛿1 
(x) ⊂ B𝛿(x0) .

𝛿1 𝛿 0 n n
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Then from the earlier remark  Ω (f, B (x)) ≤  Ω(f, B (x ))  <  
1 

implies x ∉ D .

Thus B𝛿(x0) ∩  Dn = ϕ which shows that Dn is a closed set.
(ii) Observe that Df = ⋃∞ Dn is the countable union of closedsets.

n=1

Wewant to now focus on our main problem: whether there be a real  

valued function defined on Rwhich is continuous at all rational points and

discontinuous at all irrational points. Tomake the conclusionwe will apply Baire’s

Category theorem.

3.23 Proposition: There does not exit a function f ∶ [0, 1] → ℝ which 

is  discontinuous only at all irrational points in [0, 1].

Proof: We shall prove this by using contradiction. If possible let there be a function

f ∶ [0, 1] →ℝ
such that Df  =  [0,  1] \ℚ . From 1.6(ii) Df is an  Fσ set. So [0,  1] \ℚ = ⋃∞ Fnn=

1where each Fn is a closed set. As Fn ⊂ [0, 1]\ℚ, it contains no interior point. So  

intX(clX(Fn)) =  ϕ where X = [0, 1] with the usual metric. Consequently each Fn  

is a nowhere dense set. So [0, 1] \ℚ is a set of first category.

Also [0, 1] ∩  Q is a set of first category. So [0, 1] =  ([0, 1]\ℚ) ∪ ([0, 1] 

∩  ℚ) is offirst category contradicts the Baire’s categorytheorem.

Therefore no such f can befound.

4 Compact Metric Space and Totally Boundedness
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4.1 Definition:  Afamily (Eγ) of open sets in a metric space (X, d) is said to
γ∈Γ

be an open cover of a subset E ⊆ X if E ⊆ ⋃γ∈Γ Eγ. A sub collection of (Eγ)
γ∈Γ 

is  

called a sub cover of (Eγ)
γ∈Γ

if it is also an open cover of E.

A sub set E ⊆ X is said to be (a) compact if every open cover of E has a finite  

sub cover. (b) lindelof ifevery open cover of E has a countable sub cover.

(c)σ −  compact if every countable open cover of E has a finitesub cover.

4.2 Proposition: Every compact subset of a metric space is closed and bounded.  

Proof: Suppose E be a compact subset of the metric space (X, d). If p ∉ E, thenfor  

every x ∈ E, choose an open ball B rx
(x) with center x and an open ball

Bpx
(p) with center p such that B rx

(x) ∩ Bpx
(p) = ∅. Thecollection {Brx

(x): x

∈ E} of open cover of E has a finite subcover {Brx
(xi): i ∈ {1, 2, … ,n}}. If U =

i

⋂n
i= 1 xi xi1=

1

Bp   (p)  and V= ⋃n Br (x i) then E ⊆ V and p ∈ U and U ∩ V =

∅
showing that p is not a limit point of E which implies E is a closed set.

Now the collection {B1(x): x ∈ E} is an open cover of E which has a finite  

subcover {B1(xi): i ∈ {1,2, … , n}}. Clearly then d(E) ≤  n. Thus E is bounded.

4.3 Proposition: For a metric space (X, d) the following are equivalent:

X is compact. (b) If

(Fγ) be a family of closed subsets of X such that intersection ofany finite
γ∈Γ

(a)

subfamily is nonempty then ⋂γ∈Γ Fγ ≠ ∅. Proof:

(a) ⇒ (b): If ⋂γ∈Γ Fγ =  ∅ then ⋃γ∈Γ(X \Fγ) = X, where each X \Fγ  is an open set

X. So the family (X \Fγ ) is an open cover of X. Since X is compact, it has afinite
γ∈Γ

subcover, say there is a finite subset Γ1 ⊆ Γ such that⋃γ∈Γ1
(X \Fγ) = X, which

implies ⋂γ∈Γ1 
Fγ =  ∅ leads to acontradiction.

(b) ⇒ (a): Suppose (Gγ)
γ∈Γ 

be an open cover of X. Then ⋃γ∈Γ Gγ = X implies

⋂γ∈Γ(X  \Gγ) =  ∅, where X    \Gγ is a closed set. So there is a finite subset Γ1 ⊆

Γ  such that ⋂γ∈Γ1
(X \Gγ) =  ∅which again implies ⋃γ∈Γ1 

Gγ =  X. Thus each 

open  cover has a finite subcover and so X is compact.

4. Example: ℝ is not compact.

In fact the cover ofℝ by the open sets (−n, n), for n ∈ ℕ, can have no

finite  subcover.

5. Proposition: 𝐈= [0, 1] is a compact set.
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Proof: Suppose (Gγ)γ∈Γ
be an open cover of 𝐈and let K be the set of all points c in

𝐈such that some finite subcollection from (Gγ)γ∈Γ
covers [0, c]. Clearly 0 ∈ K.Also,

if c ∈ K and b ≤ c then b ∈ K. Thus K is a sub interval of 𝐈containing 0. Moreover,  

if c ∈ K, then any finite subcollection from (Gγ)γ∈Γ
which covers [0, c] also covers

[0, c + ε for some ε > 0(unless c = 1, in which case we have finished). ThusK is

an  open set in 𝐈. Finally if k is the right end point of K, then k ∈ K, forpick 𝐺𝑖∈

(Gγ)
γ∈Γ

such that k ∈ Gi. Then (k − ε, k] ⊆ Gi for some ε > 0 so that by adding Gi

to a finite subcollection from (Gγ)
γ∈Γ

which covers [0, k − ε] we obtain a finite

subcollection from (Gγ)γ∈Γ
which covers [0, k]. Now K is a closed subinterval of 𝐈

which contains 0 and an open set in 𝐈.ThusK= 𝐈.This proves that𝐈compact.

6.Theorem: Suppose f: (X,d) → (Y, ρ) be a continuous function and X is a  

compact metric space. Then f(X) is a compact subset of Y.

Proof: Suppose (Gγ) be an open cover of f(X). Since f is continuous f−1(Gγ) is
γ∈Γ

an open set in X.So(f−1(Gγ)) is an open covering of X. X beingcompact,
γ∈Γ

(f−1(Gγ)) = X  for some finite subset Γ1  of Γ. This implies (Gγ) is a finite
γ∈Γ1 γ∈Γ1

sub cover of (Gγ)γ∈Γ
.Hence f(X) is acompact subset ofY.

The following theorem known as Tychonoff theorem is an important  

theorem to construct differentcompact spaces.

7.Proposition(Tychonoff): A nonempty product space is compact if and only if  

each factor space is compact.

8. Theorem: Every closed subset of a compact metric space iscompact.

Proof: Let Y be a closed subset of a compact metric space (X, d). If (Fγ)
γ∈Γ 

be a

family of closed subsets of Y such that intersection of any finite subfamily is  

nonempty then Fγ =  Y ∩  Kγ for some closed subset Kγ of X. So each Fγ is closed in  

(X, d). Since (X, d) is compact ⋂γ∈Γ Fγ ≠  ∅. Hence Y is compact.

9.Proposition(Heine –Borel Property):In the Euclidean metric space ℝn 

a  subset K is compact iff it is closed andbounded.

Proof: Necessary part of this proposition follows from proposition 4.2. For the  

sufficiency suppose K be a closed and bounded subset of ℝn. Then K is a closed  

subset of an n − fold product [−c, c]x[−c, c]x …  . x[−c, c] of intervals for some c

∈
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ℝ. Now each interval [−c, c] is homeomorphic with [0,1] which is compact. So  

each such n − fold is compact, by Tychonoff theorem. K being a closed subset of  

this n − fold it is compact.

4.10 Theorem: Suppose f: (X,d) → (Y, ρ) be a continuous function and X isa

x x

compact metric space. Then f is uniformlycontinuous.

Proof: Choose ε > 0 arbitrarily. Now for each x ∈ Xusing continuity of f, there is a
ε

2
δ >  0 such that for any y ∈ X with d(x, y) <  δ implies ρ(f(x), f(y)) <  . Now

the family { Bδx(x): x ∈ X} being an open cover of the compact set Xthere are
2

finite number of points, say x1, x2, … xn in Xsuch that {Bδxi
(xi): i = 1,2, …  n} also

2

1

2 xi
covers X. Let δ = min{δ : i = 1,2, … n }. Let u, v ∈ X,and d(u, v) < 𝛿. If u

∈
δxk

2

k k k

δx δxk k

2 2 xk
B (x ) then  d(x , v) ≤  d(x , u) +  d(u,  v) < + = δ . Then

k k 2 2
ρ(f(u), f(v)) ≤ ρ(f(u), f(x )) + ρ(f(x ), f(v)) <

ε
+

ε
= ε showing that f is

26

uniformly continuous.

11.Theorem: Suppose f: (X,d) → (Y, ρ) be a continuous bijective function and X is  

a compact metric space. Then f  isahomeomorphism. Proof:

We have only to show that f−1 is continuous. Suppose K be a closed subsetin

(X, d). Then from 4.3 K is a compact subset of (X, d) which implies f(K) is a  

compact set in (Y, ρ). Hence f(K) is closed in (Y, ρ). So f −1 is continuous.

12. Definition: Ametric space Xis said to be totally bounded if for every ϵ > 0,

there is a finite family of open balls of radius ϵ which covers X. Asubset Yof Xis  

called totally bounded provided that Y as a metric subspace of X,  is totally  

bounded.

13. Remark: For a subset Y of a metric space X, by an ϵ  −  net for Y we meana
k

finite family of open balls (Bϵ(xn)) 
n=1 

with center xn ∈ X which covers Y.

Consequently a metric subspace Y is totally bounded if and only if there is a finite  

ϵ − net for Y.Also from the existence of finite ϵ − net it is clear that the

diameter  of a totally bounded metric space is finite and so every totally bounded 

metric  space is bounded.

14.Example: Consider the metric space X =  l2 of all sequences in ℂwhich are  

square summable.
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Here the closed unit ball B = {x = (xn)n: n=

1

1

(∑∞ |xn |2 )2 ≤ 1} is bounded. But for
each n ∈ ℕ, if en = (δn)k (where δn is the Kronecker delta) then ρ(en, em ) =

k k

√2 for m ≠ n. Thus B can not be covered by a finite number of balls radius less  

than ½ . So B is not totallybounded.

In the Euclidean metric space the following proposition tellssomething  

different:

15.Proposition: A subset of Euclidean space ℝn is totally bounded if and only if it  

is bounded.

16.Definition: Ametric space (X, d) is said to be sequentially compact if every  

sequence in X has a subsequence which converges to a point of X.

17.Theorem: Ametric space (X, d) is totally bounded if and only if every  

sequence in X contains a Cauchy subsequence.

18. Theorem: In a metric space (X, d) the following areequivalent:

(a) X is complete and totally bounded.

(b) X is compact.

(c) X is sequentially compact.

Proof: (a) implies (b): Suppose on the contrary that (Gγ)
γ∈Γ 

be an open cover

of Xwhich has no finite sub cover. Since X is totally bounded there is a finite family

of open balls of radius < ½that cover X. At least one of that family can’t be covered

by a finite subfamily of (Gγ)
γ∈Γ

. Let us denote the closure of this ball by F1. Again

using totally boundedness of X there is a finite family of open balls of radius < ¼  

that cover X(and hence coverF1) . At least one of that family whose intersection  

with F1 can’t be covered by a finite subfamily of (Gγ)
γ∈Γ

. Let us denote the closure

of this ball by F2. Continuing this process we obtain a descending sequence of  

nonempty closed sets (Fn)n with diam(Fn ) → 0. Since X is complete from  

Cantor’s intersection theorem, ⋂n Fn is a singleton set which contradicts that no  

Fn can be covered by finite subfamily of (Gγ)
γ∈Γ

. So (X, d) iscompact.

(b) implies (c): If (xn)nbe any sequence in (X, d) then for every index n, let Fn =   

clX{xk: k ≥  n}. Then (Fn)n is a descending sequence of nonempty closed sets and 

so it has finite intersection property. By compactness of X ⋂n Fn contains a point, 

say x0 ∈ X. Clearly there is a subsequence of (xn)n which converges to x0.

27
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(c) implies (a): Since X is sequentially compact, every sequence in X has a  

convergent and hence a Cauchy subsequence. From theorem 4.12 it follows  

that X is totally bounded. To show that X is complete, let (xn)n be a Cauchy  

sequence. From sequential compactness (xn)n has a convergent subsequence  

and so (xn)n itself isconvergent.

5. Connectedness:

The metric space version of famous Intermediate Value property of a real  

valued continuous function can be proved in a simpler way using connectedness.  

Roughly speaking in a metric space (X, d) a subset will be connected if it cannot  

be the union of more than one piece of open sets.

1. Definition: Given a metric space (X, d) a pair (U, V) of opensets  is

said to be a separation of  X  if X     =  U ∪ V, U ≠  ∅, V ≠  ∅, U ∩  V =  ∅. A  

metric space (X, d) is said to be disconnected if there is a separation of X.Ametric  

space (X, d) is said to be connected if it is not disconnected.Asubset E of a metric  

space (X, d) is said to be connected(disconnected) if the metric subspace (E, d) is  

connected(disconnected).

2. Proposition: In a metric space (X, d) a pair (U, V) of open sets is a  

separation of  X  iff  X     =  U∪ V, U ≠ ∅, V≠ ∅, U ∩ cl(V) = cl(U) ∩ V= ∅.

Proof: Suppose  (U, V)  is a separation of  X. Then X     =  U ∪ V, U ≠  ∅, V ≠ ∅.

Also U ∩ V= ∅ ⇒ U is a subset of the closed set X \ V⇒ cl(U) ⊆ X\ V. So

cl(U) ∩  V =  ∅.Similarly U ∩ cl(V) =  ∅. The converse istrivial.

3.Proposition: Ametric space (X, d) is connected if and only if it has no  

nontrivial subset which is both open andclosed.

Proof: Suppose (X, d) is disconnected. Then X     =  U ∪ V, U ∩ V = ∅

for some nonempty open sets U and V. Evidently U =  X \ V is a closed 

set

implies that X has a nontrivial clopen set. Conversely if X has a nontrivial clopen  

subset say, U then U and X\ U both are nontrivial open sets which is a 

separation  of X, showing that X is a disconnectedspace.

4. Example: Any set X with more than one element is a disconnected space  

with respect to discrete metric. Hence the setℕ of natural numbers with respect to  

the Euclidean metric isdisconnected.
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5. Theorem: Suppose (X, d)be a metric space and A ⊆ B ⊆ clX(A). If A is a  

connected subset of (X, d) then B is also connected subset of (X, d).Hence closure  

of any connected subset is also a connectedsubset.

Proof: It is enough to show that clX(A) is connected(since if A⊆ B ⊆ clX(A) then

B =  clB(A) and we can replace X by B ). Suppose clX(A) =  U ∪ V where

U and V are disjoint nonempty open sets in clX(A). Then A =  (U ∩ A) ∪ (V ∩ A)  

and the latter are disjoint nonempty open sets in A. Thus if clX(A) is disconnected,  

so is A.

6.Proposition: The only connected subsets of ℝ(with respect to Euclidean metric)

are intervals(both proper andimproper).

Proof: Suppose K be a connected subset of ℝ containing more than one point. If  

x, y ∈ K and x <  y, and if z ∈ ℝ such that x <  z <  y we must show that z 

∈ K.  For if z ∉ K then the pair (U, V) where U = (−∞, z) ∩ K and V = (z, ∞)

∩ K is a  separation of K showing that K is disconnected. Thus K is an interval.

Conversely if K is an interval in view of proposition 5.5 it is enough to show that K  

is connected if K is a closed bounded interval. Suppose K =  [0,1], with K =  U ∪ V  

where U and V are nonempty disjoint open sets in K and 0 ∈ U. U being an 

open  set someopen neighbourhood of 0 is contained in U. So𝑐= inf V can not be

0.

Now either c ∈ U or c ∈ V, and so there is a neighbourhood of c which is

contained either in U or in V. But any neighbourhood of c contains a point of

U(to  the left of c) and apoint of V(to the right of c).a contradiction. SoK is 

connected.

7.Definition: Suppose (X, d)be a metric space. A subset A⊆ X is said to be path

connected if for any two point a, b ∈ X, there is a continuous function f: [0,1] →

Xsuch that f([0,1] ) ⊆ A, f(0) = a, f(1) = b.

8. Proposition: Every path connected metric space isconnected.

Proof: Suppose (X, d)be path connected. If possible let X be disconnected. Then  

there is a nontrivial clopen subset U of X. Suppose p ∈ U, q ∈ X\U. Then there is  

a continuous function f: [0,1] → X such that f(0) =  p, f(1) =  q. Since f is  

continuous, f −1(U) and f −1(X \U) are disjoint nonempty open sets forms a  

separation of [0,1] which contradicts the fact that [0,1] is connected. So X is  

connected.
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5.9 Examples: a) ℝn is a connected metric space.

b) Thegraph of the topologists sine curve is connected but not path connected.
1

Here Г = {(x, 0): x ≤ 0} ∪ {(x, sin ): x > 0)} is the graph of the function f:ℝ →

0
ℝ defined by f(x) =  { sin

1

x
( )
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x

if x ≤ 0

if x >  0 . The set Г is not pat connected asthe

points (0,0) and (1/π, 0) are in Г but there is no continuous function f: [0,1] →

Г  such that f(0) = (0,0) , f(1) = (1/π, 0). But Г1 = {(x, sin(1/x): x ≠ 0)} is 

path  connected and hence connected. It can be verified that Г1 ⊆ Г ⊆

cl(Г1).Then Г is  connected.

10. Theorem: Continuous image of a connected space is connected.

Proof: Suppose (X, d) is a connected metric space and f: X → Y is a continuous  

map where (Y, ρ) is any metric space. Then f(X) is connected as a subspaceof

(Y, ρ). Indeed if (U, V) of open sets is a separation of f(X) then f−1(U) and f−1(V)  

are nontrivial open sets in X and f−1(U) ∪ f−1(V) =  X showing the  

disconnectedness of X.

11. Corollary: If f: [a, b] → ℝ is a continuous function and f(a) ≠ f(b) then f

assumes every values between f(a) and f(b).

Proof: Since f is continuous and [a, b] is aconnected subset of ℝ, from theorem 5.9

f([a, b]) is connected subset ofℝ and so it must be an interval. Hence the result.

6. Fixed Point Theorems and Their Applications.

6.1 Definition: A point x in a set X is said to be a fixed point of the mapping T: X

→  X if T(x) = x.

The fixed point of a real valued function of a real variable x corresponds to a  

point in the plane where the graph of the function intersects with the line y =  x.  

Analytically, using intermediate value property, also we can ensure theexistence of  

a fixed point of a continuous map from [a, b] to [a, b]. Brouwer’s fixed point  

theorem ensures that any continuous map from a compact convex subset of Rn to  

itself has a fixed point . In this section our aim is to impose certain conditions on  

the mapping to ensure the fixed point in a metric space.
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2.Definition: Given a metric space (X, d) a mapping T: X → X is said to be (i)  

Lipshcitz if d(T(x), T(y)) ≤ c d(x, y) for all x, y ∈ X, for some positive real

number  c (c is called a Lipschitz constant). (ii) a contractive mapping if  

d(T(x), T(y)) < 𝑑(x, y) for all x, y ∈ X(iii) a contraction if d(T(x), T(y)) ≤

c d(x, y) for all x, y ∈ X, for some 0 < 𝑐< 1.

3.Theorem (Banach Contraction Principle): If (X, d) is a complete metric 

space  and the mapping T: X → X is a contraction, then T always has a unique 

fixed  point.

Proof: Fix any x from X. Let us denote this element by x0. Denote T(x0) by x1.  

For any positive integer n , inductively defining xn denote T(xn) by xn+1 . The  

sequence (xn)n is a Cauchy sequence, follows from the contractive property ofT.  

X  being complete, sequence  (xn)n is convergent. Suppose  lim xn = z. Then

T(z) =  T (  lim xn)  =  lim T(xn) =  lim xn+1 = z.
n→∞ n→∞ n→∞

Uniqueness follows from d(z, y) = d(T(z), T(y)) ≤ c d(z, y) can not be

possible  unless z = y.

1

2
6.4 Example:  Suppose f: ℝ →   ℝ be defined byf(x) = arctan x ∀
x ∈ ℝ

. Then

2 2
|f(x) − f(y)| =

1 |tan−1 x − tan−1 y| ≤
1 |x − y| ∀ x, y ∈ ℝ . Sof is a

contractingmapping on ℝ. By Banach’s theorem arctan x = 2x for some x ∈ ℝ.

6.5 Corollary: If (X, d) is a complete metric space and for the mapping T: X → X  

there is a positive integer k such that Tk: X → X is a contraction, then T always  

has a unique fixed point.

Proof: Since Tk: X → X is a contraction, from Banach’s Contraction Principle Tk  

always has unique fixed point in x ∈ X. Then Tk(T(x)) =  T (Tk(x)) =  T(x)  

implies T(x) is a fixed point of Tk. From uniqueness property it follows that

T(x) = x. Sox is a fixed point of T. Sinceany fixed point of T is also a fixed point of

Tk x is the unique fixed point ofT.

6.6 Example: Suppose f: ℝ → ℝ be defined by f(x) =  
π 

+  x −  arctan x ∀ x ∈
ℝ.
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2

Then |f(x) − f(y)| = |x − y − (tan−1 x − tan−1 y)| < |x − y| ∀ x, y ∈ ℝ . Sof

is a

contracting mapping on the complete metric space. But f has no fixed point inℝ.
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6.7 Example: Suppose f: ℝn → ℝn be a contraction. Let g: ℝn → ℝn be defined  

by g(x) = x − f(x) ∀ x ∈ ℝn . Then g is ahomeomorphism.

Proof: Since f is a contraction there is some c >  0 such that |f(x) −  f(y)| <

𝑐|x −  y| ∀ x, y ∈ ℝn . Then for x ≠  y in ℝn g(x) −  g(y) ≠  0. So g is 

injective.  To show that g is onto, suppose u ∈ ℝn. Then the mapping fu: ℝn → 

ℝn defined  by fu(x) =  u +  f(x) is a contraction. By Banach’s Contraction 

Priciple, fu has a  fixed point x inℝn. Then g(x) = u showing that g is onto. From

the definition of g  it is clear that g and g−1 are continuous. Hence g is a

homeomorphism.

Thecontraction mappingprinciple will now be used to obtain ageneral result
dy
dx

about the existence of a unique solution to adifferential equation of the form =

f(x, y) satisfying certain conditions.

6.8 Definition: Suppose f be a continuous function a rectangle R =  [x0 −  a, 

x0 +   a]x[y0 − b, y0 + b]. Areal valued function φ defined on an interval I is said

to be a
dx 0 0

dy
solution of the initialvalue problem = f(x, y), y(x ) = y …  … …  … … (1) if

for x ∈ I, f(x, φ(x) ∈ R and φ ′(x) = f(x,  φ(x)) with φ(x0) = y0.

The following proposition can be easily established.

6.9 Proposition: Afunction φ is a solution of the initial value problem (1) on

an  interval I if and only if it is a solution of the integral equation φ(x) = y0 +

x0

x

∫ f(x, φ(x))dx on I … … … … … (2)

6.10 Theorem (Existence and Uniqueness due to E. Picard): Suppose f 

be a  continuous function a rectangle R = [x0 − a, x0 + a]x[y0 − b, y0 + b]

satisfying

|f(x, y)| ≤ K∀ (x, y) ∈ R and |f(x, y1) − f(x, y2) ≤ M for some K > 0,𝑀 > 0.Let h =  min (a, 
1 

, b/K). Then there is a unique continuouslydifferentiable
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function φ: (x0 − h, x0 + h) → ℝ on such that φ(x0) = y0 and φ ′(x) = f(x,

φ(x))

for all x ∈ (x0 − h, x0 + h)
Proof: Let I = [x0 − h, x0 + h] and X = {φ ∈ C(I): |φ(x) − y0 | ≤ b } ∀ x ∈

I.  Let us define T: X →C(I)

by T(φ)(x) = y 0 x0

x
+ ∫ f(x, φ(x))dx , ∀ x ∈
I.

0Also for each φ ∈ X |T(φ(x) −  y |  =

| ∫

Since C(I) is complete and X is a closed subspace of C(I), X is alsocomplete.
x

x0
f(x, φ(x))dx |  ≤  hK ≤  b implies T(X) 

⊆
X. To show that T is a contraction observe that for φ1, φ2 ∈ X, |T(φ1(x)) −
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2 1T(φ (x))| | ∫ f(x, φ (x))dx – ∫
x x

x0 x0
f(x, φ2(x))dx| ≤ Mhρ(φ1 ,φ2) where ρ is

the supremum metric on C(I). By Banach Contraction Principle T has a unique  

fixed point φ ∈ X . Clearly φ is the desired function.
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