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Laplace transform is an useful mathematical tool to solve the initial value problems. This transformation
transforms a particular type of functions f of real variable t into a related function F of a real variable s.
When this transform is applied in connection with an initial value problem involving a linear differential
equation in an unknown function of t, it transform the given differential equation into an algebraic
problem involving s.

Def.2.1.1: A function f is said to be of exponential order « if there is a positive number
M such that |e % f(t)| <M Vt >ty for somety, > 0. Wewrite |f(t)| = o(e?).

Def.2.1.2. Let f(t) be a real valued function for t > 0. Then the Laplace transform of f(t) is F(s), defined by

F(s) = f e Stf(t)dt, for all values of s for which this integral converges.
0

We denote the Laplace transform F(s) by L(f(t)).Also then f(t)will be called inverse Laplace transform
of F(s). We write f(t) = L™1(F(s)).

Theorem 2.2.1: Let f be a real valued function such that a) f is piecewise continuous in every closed
interval [0, b] (b) fis of exponential order a. Then F(s)=L(f(t)) exists for s > a.

Properties 2.3.1.

i) Linear property: L(afl (t) + bf, (t)) = aL(fl (t)) + bL(fz (t)).

ii) Translation property: L(eatf(t)) = F(s — a), Where F(s) is the Laplace transform of f(t).

Theorem 2.3.2. i) Suppose F(t) be a continuous function for t > 0 and be of exponential order a.

Suppose F'(t) be a piecewise continuous function in every closed interval [0,t] and of exponential order
Then L(F'(t)) = pL(F(v)) — F(0).

Proof: Since F'(t)is continuous for t = 0,

L(F'(©) = J, e PF'()dt = lim e7PtF(t) — F(0) +p J, e PtF(t)dt = pL(F(®)) — F(0).



ii) If F(t) is a piecewise continuous function for every closed interval [0, t] and is of exponential order a

then L(tF(t)) = —f'(p), where L(F(t)) = f(p). Moreover L(t“F(t)) = (—1)“(

1,2,.

Proof: We know that f(p) = L(F(t)) = fooo e PF(t)dt.

dll
P f(p)) ,forn =

Differentiating with respect to p under the sign of integration, f'(p) = — fooo e PHF(t)dt = — L(tF(t)).

For the second part, the result can be proved using induction on n.

Table 2.4.1:
Serial No. f(t) = L"1(F(s)) F(s) = L(f(t)
1 1 1
s
2 eat 1
s—a
3 sin bt b
s2 4 b2
4 cos bt S
s2 4+ b2
5 sinh bt b
s2 — b2
6 cosh bt S
s2 _ b2
7 t"(n=1,2,3..) n!
Sn+1
8 t"e?(n=1,2,3..) n!
(S _ a)n+1
9 t sin bt 2bs
(s2 + b?)2
10 t cos bt sz — b2
(s2 + b2)2
11 e 2sin bt b
(s + a)%2 + b2
12 e 2cos bt st+a
(s +a)? + b2
13 sin bt — bt cos bt 1
2b3 (s2 + b2)2

Worked out examples:

2.5.1. Find the Laplace transform of a function F(t), defined by F(t) =
Also determine L(F'(t)).

{t+1,0StS2
3 t>2




—pty2
Ans. L(F(D) = [7 e PR(Ddt = [2(t+ DePdt+ [73e Pt de = {[- 00— Ljepryp) =
0

1 1
=(1—-3e73P) + e 2P,
p( ) 07

2.5.2. If the Laplace transform of a function F(t) is denoted by L(F(t)) =
f(s), then show that L(F(at)) = if (z) ,a # 0.Use this to determine L(e3t cos t).

Ans. L(F(at)) = fooo e StF(at)dt = ifo e a'F(t)dt (Substitutingatbyt) = if(z) a #0.
Let A= L(e® cost) and B = L(e3'sint). Then A +iB = L(e**(cost + isint)) = L(eG*Dt) =

EN N , by _ 1
3+i< i_—1> ' [Slnce L(e) = s—1]'

3+i

—st
2.5.3. Let F(t)be a periodic function with period T(> 0).Show that L(F(t)) = fOT el_z(_ts):t.

Answer: By definition L(F(t)) = fooo e StF(t)dt = fOT e StF(t)dt + fToo e StE(t)dt = fOT e StF(t)dt +
fooo e S+DE(z + T)dz. [Substituting t = z + T in the second integral.]. = f(;r e S'F(t)dt +
eT [P e *F(z+T)dz = [, e F(t)dt + e [V e 5tF(2)dz = [] e StF(t)dt + e TL(F(1)).

fT e StF(t)dt
0 1-¢sT

So(1—eTL(F(t)) = foTe_StF(t)dt. This implies L(F(t)) =

t-1)2% t>1

2.5.4. F(t) = {0' oLzt

Determine L(F(t)).

Answer: L(F(t)) = fooo e PF(D)dt = fol e PF(t)dt + floo e P'F(t)dt

= floo e_pt(t — 1)2dt = J«Ooo e_p(z+1)Z2dZ = e_pL(ZZ) = %};2' = p2—3€_p.

2.5.5. State first shifting property of Laplace transform. Find Laplace transform of t?e® sin at

Answer: Suppose F be such that L(F(t)) exists for s > a. Then for any constant a, L(eatF(t)) =
f(s —a) fors > a+ a, where f(s)denotes L(F(t)).

We know that L(sinat) =
(-1)ndn
dst

—. Also L(t"F(D) =

s2+

f(s), where f(s)is the Laplace transform of F(t).

So L(t? sinat) = (—1)%d? ( a ) d ( 2as ) 3 8as?(s? + a?) — 2a(s? + a?)?

ds? s2 + a2 Tdas\ (s +a2)?2) (s? +a2)*
6as? — 2a3
© (s2 4 a?)3’



6a(s—a)2-2a3

. . . 2 at . —
Therefore by first shifting property (t“e®" sinat) = CEEPOER

Alternative: Using first shifting property L(e% sinat) = ( 5 Then L(t?e% sinat) =

a
(s—a)2+a?
(—1)2d2( a ) __ 6a(s-a)?-2a3

ds? \(s—a)?+a?) — ((s-a)?+a?)?
2.5.6. Find L(sin \/f) and obtain the value of L(C(’j}ﬁ).
, 3 s
= 2 2
Answer: For t > 0,sinvVt =tz — % + % .

So L(sinv't) = L(t%) — %L(tg) + lL (5) — ..

'@ 1 (rGQ)),  _vE[, 1 TR

= (= = 4
3 5 3 3
p2 3! p2 2p2 4p  2!'\4p 2p2
cosvt cosvt
Let F(t) = sin+/t.Then F'(t) = 2t . Therefore L(T) = 2.L(F’(t)) = 2{pL(F(t)) —F(0)}

1 1
=2<p.£§e_5—0>=\ﬁe_5.
2p2 p

2.5.7. State a set of sufficient conditions for existence of Laplace transform. Show that Laplace
transform is a linear operator. If f is the Laplace transform of F, determine the Laplace transform of G

. 0, 0<t<a
defined by G(t) = {F(t _a) t>a

Answer: If F(t ) is a piecewise continuous function in every closed interval [0, t] for every t>= 0 and is of
exponential order a, then Laplace transform of F(t) exists for p > a.

Suppose F(t) and G(t) have Laplace transform f(p) and g(p) respectively, for p >a and let cand d be two
scalar. Then L(cF(t) + dG(t)) = fooo e PY(cF(t) + dG(b)) = ¢ fooo e P'F(t) +d fooo e P'G(t) = cf(p) +
dg(p) Thus Lis a linear operator.

Given that f(p) = fooo e PE(t)dt.

Now g(p) = f e PLG(t)dt. = f e PF(t —a)dt = f e P(+)E(z)dz = e 2P f e PF(t)dt = e ?Pf(p).
0 a 0 0

2.5.8. Use first shifting property of Laplace transform (or otherwise ) to evaluate L1 (%).



Answer: Here L1 (ﬁ) =L1 ((S:;ﬁ) =L1 ((S_;ﬁ) —2L71 (m) = e?t cos 4t —

2 e?tsin 4t

2.5.9. Using shifting property of Laplace transform (or otherwise ) to evaluate L1 (%).

. -1 6s—4 -1 6(s—2)+8 _ -1 s—2 -1 4 _ 2t
Answer: Here L (s2—4s+20) =L ((5—2)2+16) = 6L ((5—2)2+16) + 2L ((s—2)2+42) = beTcosdt +

2 et sin 4t

2.5.10. State the Convolution theorem on Laplace transform and using this theorem find
-1 1
L ((s+1)(sz+1))

Answer: If F(t) and
G(t) are two piecewise continuous functions in every closed interval [0, t] and f(p) and g(p)
be their respective Laplace transforms then f(p).g(p) is the Laplace transform of F+ G

t

where (F * G)(t) = f F(t — w)G(u)du.
0

Let F(t) = L1 (i) and G(t) =L—1( L )

s+1 (s2+1)

Then F(t) = et and G(t) = sint.

Now (F * G)(t) = fot F(t—uw)G(wdu = fot et Wginudu=et fot e'sinudu.

t t
Letlzfeusinudu. ThenI=sinueu|5—feucosudu:etsint—[cosue“]g—l.
0 0

1 et
Then 2I = e(sint — cost) + 1.So (F * G)(t) = > (sint —cost) + -

1

—) = l( int — t) + e__t
(s+1)(s2+1)) ~ 2 sin cos 2

By convolution theorem L™1 (

2.5.11. State the Convolution theorem on Laplace transform and using this theorem prove that

-1 1 _ 1 ot =2t _ ,-2t
L ((p+2)2(p—2)) 16 (e dte e™)

Answer: Convolution theorem is already stated in previous example.

For the second part let F(t) = L1 ( ) and G(t) = L1 (L)

(p+2)? p-2)

Then F(t) = te™?! and G(t) = e?t



t
Now (F * G)(t) = f; F(W)G(t — u)du = ft ue2u g2(t-w gy = 2t fotue“*udu = eZt{[_l4 e““‘]o +
Zt

%f(:e““‘du} = e?t {_i‘}e_‘*t ——( - 1)} __e__

So by convolution theorem L1 (m) = i (e?t — 4te=2t — e72Y),

2.5.12.Evaluate L1 (m)

Answer: Let f(p) = m Then f(p) = — S+ . 3)2 . Thenl=A(p-3)(p+4)+

B(p + 4) + C(p — 3)%. Comparing the like powers inp,we get 7B=1,49C=1,-12A+4B+9C =

1.SoB=2,C=— A= ——
7 49 49

fhen 1 <(p - 3)1(}; )" _4_19L_1 (pT13) +;L_1 ((p _13)‘2) * %L_l (p%)

_ _ Y 3t _ -4ty _ 1. 3t
= 49(e e 1) ~te’h.

2
2.5.13. Evaluate L1 ((pzll 4)2)

Answer: Let f(p) = .Then F(t) = L™} (f(p)) =-L~ (pL) = %sin 2t.

2+4) 2422

2 2
Now L(tF(t)) =— <— (p)) (pz+—p22)2 g(p),say.So G(t) = L1 ((I,z%)z) = %Sin 2t.

, 2p2 . pZ

Then L(G'(t)) = pL(G(Y)) — G(0) = ( A .Therefore L (m 2G ®

—(1> d (tsin2t) = in 2t + 2tcos2t

=\7) g (tsin2t) = 4(sm cos2t)
2.5.14. Find L1 (p4+4)

1,2 2
P _ ((p2+2p+2)—(p?-2p+2)) 1 1 B

Answer: Let f(p)_ © (p2-2p+2)(p2+2p+2)  (p?-2p+2)(p2+2p+2) 4[(p2—2p+2)

ol =3 Sl
(p2+2p+2) 4 L(p- 1)2+1 (p+1)2+1

1
So L™ (f(p)) = 2 [etsint — e~ 'sint].



v -1 (__2p*-6p+5 )
2.5.14.Find L (p3_6p2+11p—6

2p%-6p+5
p3-6p?+11p—6

__ 2p’-6p+5 _  2p’-6p+t5 _ A B | C
.Then f(p) = oD 5078~ D263 — 1 Tez Toos

Answer: Let f(p)=

Equating like powers of p we get 2A = 1,—B = 1,2C = 5.S0 L™(f(p)) = %et —e?t + §e3t.

2.5.15. State the Convolution theorem for inverse Laplace transform and using it find

e

Answer: If L™ (f(p)) = F(t) and L' (g(p)) = G(t) be the inverse Laplace transforms of f(p)and g(p)
respectively, then the inverse Laplace transform of f(p). g(p)is (F * G)(t) where

(F*G)(® = [ F(WG(t — wdu.

1
p2+2p+2

Let f(p)=pzi':;r2 and g(p) =

Then the inverse Laplace transform of f(p)abd g(p)are F(t) = L1 (pz:;z) =11 ((pflﬁ) =

e“tcost and G(t) = Lt (;) =11 (;) = e tsint

pZ+2p+2 (p+1)2+1

Now (F * G)(t) = fot F(u)G(t—u)du = fot e"tWsin(t—u) e Vcosu du = et fot sin(t—u) cosu du.

t

et [ _ e t| —cos(t—2w]") et
= — | {sint + sin(t — 2u)}du = —tsint + [—————| { = ——tsint
2 2 2 o 2

0

-1 p+1 ) _ e__t .
Thus L (—(p2+2p+2)2 = tsint

2.5.16. Using convolution theorem, find L1 (m).

I
p2(p2+4)

p
p2+4

Answer: Suppose f(p) = and g(p) =

Then the inverse Laplace transform of f(p) and g(p) are respectively F(t) = cos 2t G(t) =
-1 1 -1 l i _ 1 _ l B l )
L (pz(p2+4)) =L <4 (pz p2+4)> =3 (t > sin Zt)

Then (F* G)(t) = fot F(u)G(t — u)du




—_

t

1

= Z,f (t — Esm 2t> cos(2t — 2u) du
0

t
1
=3 [— Esm(Zt — 2u)] f sin(2t — 2u)du — —f(sm(4t — 2u) + sin2u)du
0

1 1 1 1
= —sin2t + e [cos(2t — 2u)]§ — 3 [cos(4t — 2u)]§ + 3 [cos 2u§

8
—1 2t+1 ! 2t ! 2t+1 4t+1 2t !
= 8sm 16~ 16°°8 g cos g cos g cos 3

= L 2t ! 2t + 4t !
= 8(51n 2cos cos 2)

1
p(p?+4)2

So by convolution theorem L1 ( ) = i(sin 2t — ; cos 2t + cos 4t — %)

2.5.17. If the Laplace transform of a function F(t) is defined by L(F(t)) and if L(F(t))=f(p), then show

2_
that L(F(at))= i f (g) ,a # 0. Using this property, find L(F(2t))where L(F(t)) = (ZL)ZTEE:_I)

Answer: Given that L(F(t)) = fooo e PF(t)dt.

Now L(F(at)) = fooo e PF(at)dt

[ee]

1 pz
= ;f e aF(z)dz

0

=§f(§),a * 0.

_ —-p+1
Here L(F(1)) = m

(O ) _ ler-2eey)
So L(F(2v)) = (22 )( n G+D(e-2)

s+4

2.5.18. Find inverse Laplace transform of DD

s+4 A B Cs+D
Answer: Let —=—-+—+
s(s—1)(s?2+4) s  s-1 s2+4

Thens+4 = A(s — 1)(s? + 4) + Bs(s? + 4)+Cs?(s — 1) + Ds(s — 1)

Comparing like powers in s we get —4A = 4,5B=5A+B+(C=0,-A—-C+D =0



So A=-1,B=1,C=0D=-1.

ot (i) -1 ()4 1 () 1

=e'—1 1'2t
e > S

5p+3

2.5.19. Find inverse Laplace transform of D pZrzpis)

. _ 5p+3 _ i Bp+C
Answer: Let f(p) = D07zprs) — o1 T prraprs’ S
Then5p +3 =A(p? +2p+5) +Bp+CO)(p—1).
Equating like powers, 8A =8, A+ B =0,5A—-C = 3.
This impliesA=1,B=—-1,C = 2.
—-p+2 1 +1 3 2
Sof(p) = + b 2 2y - g L] 2 2
p—1 ((p+D2+2%) p-1 (p+D*+2%) 2((p+1D?*+2
5p+3 3
L1 < ) =et — et 2t —=sin2
- D2+ 2p+5) et —e *(cos 2t > sin t)

2.6.Solving Differential equation by Laplace method.
2.6.1. Example : Using Laplace transforms solve the following differential equation
(D2 +4D + 8)y =0, y(0) =2, y'(0) =2
Answer: Here the problem may be written as y” + 4y’ + 8y = 0 ... ccecev vev ee ver vee vve ven e o (1)
Y(0) =2, y'(0) = 2ueeeeeeeeeee e (2)
Applying Laplace transforms to both sides of (1) we get
Ly™) +4L(y") +8L(y) =0
or, p?L(y) —py(0) —y'(0) + 4pL(y) — 4y(0) + 8L(y) = 0

or, (p?+ 4p + 8)L(y) = 2p + 10

2p+10

o =5

_ -1 2p+10 -1 2(p+2) 6 _ —2t —2t :
Then y= L (—(p2+4p+8)) =1L ((p2+4p+8) + (p2+4p+8)) = 2e """ cos 2t + 3e”“"sin 2t.

Which is the required solution.



2.6.2. Using Laplace transform, solve

d
+——+2y=e"2?*wheny(0) =1 andd—Z(O) =1.

5dy

e Lo 2d2y >dy — A—2X
Answer: Given equation is oz + ™ +2y =€ (1)
Initial conditions are y(0) =1 and%(o) 3 I (7)

Applying Laplace transforms both sides of (1) we get

d?%y

dy —2X
) + 5L(&) + 2L(y) = L(e™%)

1

or, 2(p2L(y) — py(0) — y'(0)) + 5pL(y) — 5y(0) + 2L(y) = —

p+2

2 _ 71
or, (2p*+5p+2)L(y)— 2p—7 e

_ 2p%+11p+15
or, L(y) T (2p2+5p+2)(p+2)
2.6.3. Using Laplace transform, solve
dzy 6dy _ _ ™\ _
5z T3 T 10y = 0,when y(0) = 1,y(4) = 2.

. L d’y | 6dy _
Answer: Given equation is Tz + = + 10y =0 e (1)
Initial conditions are y(0) =1 andy G) = V2o (2)

Applying Laplace transforms both sides of (1) we get

d%y dy

or, (p?L(y) — py(0) — y'(0)) + 6pL(y) — 6y(0) + 10L(y) = 0

or, (p>?+6p+10)L(y)— p—6—c=0, wherey'(0) = c,say

p+6+c _ p+3 3+c
246p+10  p2+6p+10  p2+6p+10

or,L(y) = 5

Soy = e 3*(cosx + (3 + ¢) sinx)

st (4+0)
4

From (2),V2 = e

TC
. c=2e%1 -4

10



So the required solution is y = e™3% (cos X + (2e31 - 1) sinx)
2.6.4. Solve by using Laplace transform,

d’y 3dy ) )
E+E + 2y = 10 cos x, given that y(0) = 0,y'(0) =7

2.6.5. Using Laplace transform, solve

d’y 2dy
_— R — = -t
Szt g Ty =3tet>0

where y(0) =4 andy’'(0) = 2.
2.6.6. Using Laplace transform, solve

dzx+2dx+ =3te tt>0
FT T

with x(0) =4 and x'(0) = 2.
2.6.7. Using Laplace transform, solve

d’y 5dy
A + 6y = 5,wheny(0) =0 =y(1)

2.6.8. Using Laplace transform, solve

d?x  dx _

a2 de

e3t

11
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