1.1 A sequence is...

(a) an ordered list of objects.
1 1 1 1 1

'2'4°'8'16
(b) A function whose domain is a set of integers

Domain: 1, 2, 3, 4, ..
]

J

Range a1 a, a3 8, A,

(1, 1), (2, %), @3, ), 4, 1/8)....}



Finding patterns

Describe a pattern for each sequence. Write
a formula for the nth term

1 11 1 1
11111 =

2 4 8 16 on—1
11111 1
'2'6 24120 n!
1 4 9 16 25 N2

4°9'16 25 36 (n +1)2



Write the first 5 terms for 9 n—-1

n

N
0 1 2 3 4 n-—-1
,2,3,4,5... n

On a number line As a function

on Converges to 1
a, a, d, 1 /2 N (3, %) [4. %) (5, %)
3 _— ! > (1, 0) k;z} ° o

L | | L .,
a,=2=1 0 1 2 3 4 5

n

The terms in this sequence get closer and closer
to 1. The sequence CONVERGES to 1.



Write the first 5 terms (-)"*(n-1)

n

N
.12 34 n—1
) ) y y . | " mm - mm
2 3 4 5 N
a, Diverges
! 6.2 (5.2
1 NP N e/
a.a, a a a a (1, 0)
| oo o 4 oo | > R RN RN B B B
-1 0 1 0 1 2 3 4 5 6
_(_1)n+l(n_ 1) -1 (29._%\ { ._3\ ;[ @ 5\
a, = n \ ./ L‘l‘, 4J L67_6

The terms in this sequence do not get close to
Any single value. The sequence Diverges



y= L Is a horizontal asymptote when
sequence converges to L.

L—e L L+e€
| - —~ o—o—o—éo—o—ol o—)
0 a,a, a ay an' /
aﬂ
F 3
L+ e
Lb———————————— (n,a,)—2—g————
Py @
L—¢€
®
o . o . (N, ay)
o
> N
oL 1 2 3 N n




A sequence that diverges

(-)"*(n-1)

ad. =
n
N
acsa, a a a.a
(oo} e— = (ooe]
-1 0 1
n—1
an=(_1)n+l( nj

Neither the e-interval about 1 nor the
e-interval about —1 contains all g,
satisfying n 2 N for some N.

| O O e
.3 P L 1— e

(1,0)
‘ | | | >

0
A
—+ ® -1+ €
e
* 4 ” 6

-1 —¢€




12.2 Infinite Series
=1 1 1 1 1

o0 "2 4 8 16
Represents the sum of the terms in a sequence.

We want to know If the series converges to
a single value 1.e. there is a finite sum.

D> 1=1+1+1+1+...
n=1

The series diverges because s, = n. Note that the
Sequence {1} converges.




= 1
Zn(n+1)

n=1

R

- 1 1 1
> = — ...
—nn+l) 2 6 12 20 30




Partial sums of i 1 1 1 1 1
1n(n+1) 2 6 12 20 30

N=

Sy = + +... =
1.2 2-3 34 n(n+1) n+1

If the sequence of partial sums
the series converges

nverges,

232 E e el Converges to 1 so series converges.



Findingsums <« 1
nzﬂn(n +1)
Can use partial fractions to rewrite

o0

— )G -G

Z:Iﬂ(n+1)
ST A T4

n+1



The partial sums of the series i 1

+35 = 5/6
+5, = 4/5

45, =34

""32 =2/3

Tk




The sum of a geometric series

S =ad-+dal + r -+ r ..ar”_l Sum of n terms

IS, =ar + ar2 + ar —I—4n Multiply each term by r

' N
Sn — rsn =a—ar subtract
a—ar" a 1-r
Sp = ( ) #1
1-r 1-r

if [rl<l, r"—0asn—
Geometric series converges to -

If r>1 the geometric series diverges.




Series known to converge or diverge

1. A geometric series with | r | <1 converges
2. A repeating decimal converges

3. Telescoping series converge

A necessary condition for convergence:
Limit as n goes to infinity for nth term
In sequence Is 0.

nth term test for divergence:
If the limit as n goes to infinity for the nth
term is not O, the series DIVERGES!




Convergence or Divergence?

— 1 1
2

—hn n+2



A sequence In which each term is less than or
equal to the one before it Is called a monotonic
non-increasing sequence. If each term Is greater
than or equal to the one before It, it Is called
monotonic non-decreasing.

A series of non-negative terms converges
If its partial sums are bounded from above.




12. 3 The Integral Test

Let {a.} be a sequence of positive terms.
Suppose that a, = f(n) where f Is a continuous
positive, decreasing function of x for all x>N.
Then the series and the corresponding integral
shown both converge of both diverge.

f(n) f(x)

2. a T f(’x/)dx
n=N N



The series and the integral both converge or both diverge

Area In rectangle corresponds to term in sequence

y

A

a,

y = f(x)

\<___=-—_
n X

y

A

y=fx)

3

(a)

n n+1’

0

(b)

Exact area under curve IS between

If area under curve Is finite, so Is area in rectangles

If area under curve is infinite, so Is area in rectangles



Using the Integral test

271 A fm=t s 0=
o0 b
: 1¢ 2X : 9 b
dx = lim, dx=lim.,.,| N +1)|
{xz 1 _)002£x2+1 o 1

lim, _\ (In(b* +1) - In2) =0 ?
The improper integral diverges

_—

Thus the series diverges



Harmonic series and p-series

©@)

1 i
> — Iscalled a p-series
n=1

A p-series converges If p > 1 and diverges
Ifp<lorp=1

Is called the harmonic series and It
diverges since p =1.



Limit Comparison test

a

lim, ., —=¢, O<cCc<oo

n . - -
Then the following series 2 @ and nZlbn
n=1 =

both converge or both diverge:

Q

Iimx_mb—” =0 and >._b, Converges then D _a, Converges
n n=1 n=1

. a, " i |
I'mx—ma_w and Zlbn Diverges then nz_la” Diverges
- n



Alternating Series

A serles In which terms alternate in sign

> (D", or > (-)"a,

n=1 n=1
ST S
- 2" 2 4 8 16
Z(—l)niz—ll 1 1,1
N 2 3 4



Alternating Series Test

o0
M (-)"a, =g —a, +ag—ay +..
n=1

Converges If:

v'a, is always positive
v'a,>a_,, for all n > N for some integer N.

va,—0

If any one of the conditions iIs not met, the
Series diverges.



Absolute and Conditional Convergence

« Aseries 2 ais absolutely convergent if the

n=N

corresponding series of absolute values i a,
n=N

converges.

A series that converges but does not converge
absolutely, converges conditionally.

« Every absolutely convergent series converges.
(Converse Is false!!l)



The Ratio Test

Let 2. a, be a series with positive terms and
n=N

" A1
lim,,_, =p
dp

Then
* The series convergesifp <1
* The series divergesifp>1
The test Is inconclusive if p = 1.




The Root Test

Let D a, be a series with non-zero terms and
n=N

Iimn—>oo \ | an | — L

Then

» The series converges if L< 1

» The series diverges if L > 1 or is infinite
The test is inconclusive If L= 1.




Convergence or divergence?




Procedure for determining Convergence

-
nth-Term Test [ Islima, = 0?7 } No > Series diverges.
\
Yes | or maybe
s y N (
Geometric ? Yes Converges to a/(1—r)if |r| < 1
. = v e 9 ; 5 S .
Series Test | Is2a,=a+ar+ar’+ ' ) Diverges if |r| = 1.
No 5
Y
- B 7
- Sexics Test Does ‘hiie“ef have the Yes al Series converges if p > 1.
form 3 — ? 4 Series diverges if p < 1.
1=1 n \.
b ' 4
No
Y
Nonnegative terms Does ¥, |a,| converge? ) v (
and/or (Apply one of the comparison tests, integral £s » Original series converges.
absolute convergence test, ratio test, or nth-root test toY, |a,|.) J R
No| or maybe
Y
Alternating sYa,=u—up+u,— - WYes ‘( Is there an integer N such
i : : . 1D
Series Test (an alternating series)? J ’L that Uy Z Uyy = ’
No No Yes
Y
See what you can do with the partial W
sums, consult more advanced books, <
or explore with a CAS. J
Y

Series converges if u, — 0.
Series diverges if u, + 0.




Power Series (infinite polynomial in x)

o0
> cpX" =cg + X+ CoXZ +.....CyX "

n=0
Is a power series centered at x = 0.

and

Is a power series centered at x = a.



Examples of Power Series

X X X
Z—|=1+x | R
—o n! 2 3!

Is a power series centered at x = 0.

and

i 1) (x +1D" —1——(x+1)+ (x+1) —

Is a power series centered at x = -1.



Geometric Power Series

o0

XM =14+ X+ X2+ x4+ x*+ ... x"

Nn=0
a=1 and r=x
a 1

S = — , x| <1
1-r 1—X

B =1+ X

P, =1+ X + X2

P3=1—I—X—I—X2—I—X3



The graph of f(x) = 1/(1-x) and four of Its
polynomial approximations

y
A.—

9

1—x
8 |-
-
T+ /
y8=1+Jc+x2+x3+x4+x5+x6+x7+Jc8

5
4
3
2
1




Convergence of a Power Series

There are three possibilities

1)There Is a positive number R such that the
series diverges for [x-a|>R but converges for
IX-a|<R. The series may or may not converge
at the endpoints, x =a-Rand x=a + R,

o ——

2)The series converges for every X. (R = @.)

-—r

3)The series converges at x = a and diverges

elsewhere. (R = 0)




What is the interval of convergence?

A

@)
E XM =14+ X+ X2+ x4+ x*+ ... x"

n=0
Since r = X, the serles converges |x| <1, or
-1 <x <1. Ininterval notation (-1,1).

Test endpoints of —1 and 1.
i (—1)" Series diverges
Nn=0

> (D" Series diverges
n=0



. . . o0 N
Finding interval of convergence > X

: Nn=0 n
Use the ratio test:
Xn Xn+1
Un =y and Una =T
n+1
i u i X N
lim,_ .|/ =1lim,_,_, 1| =|x
n— un n— n_l_l Xn ‘ ‘
X<l  R=1  (-1,1)

Forx=1 For x = -1 Interval of convergence
Q0 1 i (—1)n ['1, 1)
2= =~
n—o N n=0

Harmonic series Alternating Harmonic series

diverges converges



Differentiation and Integration of Power Series

If the function is given by the series

icn(x—a)” —Co+C(X—a)+cCsr(Xx—a)s +....c,(x—a)"...
Nn=0

Has a radius of convergence R>0, the on the
Interval (c-R, c+R) the function is continuous,
Differentiable and integrable where:
f'(x) = i nc,(x —a)"
n=0

(x—a)"
n+1

j f (x)dx =C +icn
n=0

The radius of convergence Is the same but the
Interval of convergence may differ at the endpoints.



Constructing Power Series

If @ power series exists has a radius of convergence = R
It can be differentiated

f(X)=cy+c(x—a)+cs(Xx—a)s +....ch(x—a)"...
f'(X) =c; + 2¢,(x —a) +3cy(x —a)?....nc,(x —a)"~

f7(X) =2c, +2*3cz(x —a) +3*4(x—a)~....
f”’(x):1*2*303+2*3*4C4(X—a)+3*4*5(X—a)2 +...

So the nth derivative Is

f (n)(x) = nlc, +terms with factor of (x—a)



Finding the coefficients for a Power Series
f M (x) =nlc, +terms with factor of (x—a)

All derivatives for f(x) must equal the series
Derivatives at X = a.

f'(a)=c

f"(a) =1*2c,

f”(a) =1*2*3c,

f (M (a) =nlc,

£ (n) (a) _
n!

Ch



If f has a series representation centered at x=a, the
series must be

o0 (k) {4 1{{4
kz_é) f k!(a) = f@@)+ f'(x—a)+ f Z(f‘) (x —a)? + f 3(!"") (x —a)s...
+ () x" ...
Nt

If f has a series representation centered at x=0, the
series must be

= %0 , f7(0) ,  £"(0) .
kz_;) = = f(a)+ f'(0) + >, (x —a)® + 5 (x—a)3...

(n)
L )
n!

=+ ...




Find the derivative and the integral

“— n! 2 31 41
i (D" X0 X
“— (2n+1)! 31 51 71



