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Introduction: In 1807, Fourier astounded some of his contemporaries by asserting that an “arbitrary”
function could be expressed as a linear combination of sines and cosines. These linear combinations,
now called Fourier series, have become an indispensable tool in the analysis of certain periodical
phenomena(such as vibrations, and planetary and wave motion)which are studied in Physics and
Engineering.

1.1 DEFINATION: A trigonometric series is of the form iao + Y2 (ay cosnx + by, sinnx) where the

co-efficients ag, a,, b, are constants.

It can be shown that every periodic function of x satisfying certain very general conditions can be
represented in the above form.

1.2 DEFINATION: Let f : [—m, t] - R be a bounded functionandP={—-n =ty <t; <. <t, =T}bea
partition of [—1t, 1t]. For any points x; € [ti_1,t;] (i=1,2,..n) S(P,f) = I (xp) (t; —
ti_1) is called Riemann sum of the function f. If IIIIDiIrlno S(P,f) is finite then fis said to be Riemann

integrable on [—m, 1t] and the finite limit is denoted by ffn f. We call fis integrable on [—m, Tt] when it is

Riemann integrable on [—, t].

1.3 DEFINATION: Let f : [—, 1] = R be unbounded in [—Tt, t] and there are finite number of points
T =ty <ty < <t, =msuchthatfis bounded and integrable in every closed sub interval

L . .t 8 e : L
contained in each open interval (t;_q, t;). If glrr%) ft_‘ 1+:S_ |f| exists finitely for each i then fis said to be
i— i- i

absolutely convergent in [—, Tt].

1.4 DEFINATION: Let f : [—m, T] — R be an integrable function on [—Tt, 1] or if unbounded on [—m, ] let
the improper integral fjﬁ f(x)dx be absolutely convergent.Then the trigonometric series %ao +
Yne1(ay cosnx + by, sinnx) is called the Fourier series in [—, ] corresponding to the function f,

. .. . 1 T
where ay, a,, by, called Fourier co-efficients, are given by a, = ;f_n f(x)dx ,a, =

%ffn f(x) cosnxdx ,b, = %ffﬁ f(x) sinnxdx n € N.

1.5 THEOREM: Suppose f : [T, 1] = R be an integrable function on [—, ] or if unbounded on [—, (]
let the improper integral fjﬁ f(x)dx be absolutely convergent. Forn € Nlet S,(x) = az_o +

Y r=1 (ak cos kx + by sin kx) be the n th partial sum of the Fourier series and T, (x) = CZ—O +



Dk=o (ck cos kx + di sinkx) be the n th partial sum of any trigonometric series. Then fjﬂ(f —-S)?% <

ffﬂ(f— T,)?. Equality holds if and only if ay = ¢y and by = d for all k.

(That is to say among all functions T,,, S, will give the best possible mean square approximation to f.)
1.6 Worked out examples:

1.6.1 Find the Fourier series of f(x) = x,X € [—T, 7]

Ans: Since f is continuous on [—m, 1] it is bounded and integrable on [—Tt, t]. Then the Fourier series of f

. . 1 :
in [—m, ] is Zao + Y4 (ay cosnx + by, sin nx)

Where a, = %ffn f(x)dx = 0(since fis odd)

T
1
a, = - f f(x) cos nx dx = 0(since fis odd)

—TU

T
1
b, = - f f(x) sin nxdx

—T

TT
2 (™ 2 X T 1 2
=—| xsinnxdx =-— [——cosnx] +— | cosnxdx { = ——cosnm
T Jo m n 0 n0 n

2
—— ifnis even
n

2
— ifnis odd
n

sinx sin 2x sin 3x ]

Hence the Fourier series for fin [—m, ] is 2[ T .

1.7 Dirichlet’s conditions : A real valued function f in [a, b] is said to satisfy Dirichlet’s condition if either

1) fis bounded in [a, b] and piecewise monotone in [a, b] i.e. the interval can be broken up into a finite
number of open subintervals in each of which f is monotonic,

Or,2) f has finite number of points of infinite discontinuity in [a, b],but when arbitrary small
neighbourhoods of these points of discontinuity are excluded, f(x) is bounded in the remainder of the

interval and in each remaining interval f is piecewise monotone and fa f(x)dx is absolutely convergent.

1.8 THEOREM: If f is a periodic function of period 2 andsatisfies Dirichlet’s conditions in [—T, ], then
at x= c the Fourier series %ao + Yn=1(a, cosnx + b, sinnx) converges to %{f(c —0) + f(c + 0)} for

-n<c<m; andto%{f(n—O) + f(—m + 0)} forc= +m.

1.9 Worked out examples:



1.9.1. Obtain the Fourier series expansion of the function f(x) = x sin X on [—Tt, Tt]. Hence deduce that
m_1,r 1.1
4 2 35 57

Ans. Here fis bounded and integrable in [—m, Tt]. So the Fourier series expansion for f(x) is

%ao + X (ap cosnx +b,sinnx) where ap = iﬁn f(x)dx = %f;xsinx dx = %{[—x cosx|g +

T 2
fo cos x dx} =-m=2

forn€N, a, = ifjﬂ f(x) cosnxdx = % f:xsinxcos nxdx = ifonx(sin(n + 1)x — sin(n —
D x)dx =

2

1 ([x(.cos(n—-1)x) cos(n+1)x]™ T [cos(n+1)x cos(n—-1)x _ _ 1 1] _ (-1)n-12
;{[ n-1 TXT ]0 + fO [ n+1 = ]dX} =(D° ' [___] T n2-1

%{[_XCOSZX]: +%f:cos 2X dx} = —% ifn=1

ifn=1
n-—1 n+1

Forn €N, b, = %ffﬂ f(x) sinnxdx = 0(Sincef(x) sinnx is an odd function).
Hence the Fourier series corresponding to fin [—, ] is

_4yn-1
fx) ~1— %cosx +2¥0, ( nlz)—1 COS NX.

Here fis an even function, so f “ is an odd function. Hence f * is symmetric about origin.

Now f'(x) = sinx + xcosx > 0 in (0, g) and < 0in (g,n). Hence f is piecewise monotone

in [—, m].So f satisfies Dirichlet’s conditions in [—, Tt]. Since f is continuous at g ,

n-1

f(g) = 1—%cos g)+2§:%cosn(g).

n=2

) 22-1  42-1  62-1
oo m_ 1,1 1
Thisimplies = -+ — ———+— — -

Xx—m if—-m<x<0

1.9.2. Find the Fourier series of f where f(x) = { mT—-x ifO0<x<m

Ans. Here f is bounded and integrable in [—m, Tt]. So the Fourier series for f(x) is

%ao + Y ,(a, cosnx + b, sinnx) where a, = %ffn f(x)dx = %[f_on(x — m)dx + fon(n — x)dx]

1eX® 0 [ _ﬁn}_l(_ﬁ “_2)__
1T{[2 x|l + |mX 2]0 == 2+2 = —T



forn €N, a, = if:r f(x) cosnxdx = %[f_on(x — 1) cos nx dx +f(;1(n —x) cos nxdx] =
_ 0 _
%{[%sin nx]_1T + [%sin nx]g — ﬁ [f_o1T sinnxdx — fon sinnxdx]} = #{[cos nx]%; — [cos nx]{} =
L 1 _(_1\n _ (_1)n _ 2 4 _(_1\n
(1 (D - (D + 1) = = (1 (D).
Forn€N,b, = ifjﬂ f(x) sinnxdx = i[f_oﬂ(x — m)sinnxdx + fon(n — X) sinnx dx] =

_ 0
l{[—ucos nx] — [n— cosnx|gy + = [f cos nx dx — f: cosnx dx} = E(1 - (=M
T n -1 n

So the Fourier series of f(x) is f(x) ~ — % + % (Cizx + C°;23x + . ) + 4 (S“‘x S“;?”‘ + )

1.9.3 Obtain the Fourier series expansion of f(x) in [—m, ] where

0 —-mT <x<0 2 2 2

f(x) = inx OSxSn.Henceshowthat1+3—2+5—2+--- =5
; _r -1 (-1 — — (1)
Ans. Hints. ag = =, an = (-1 1), b, = 4n( 1)
. . . . . 7'L'2 1|cosx cos 3x Ccos 5x sinx sin 2x

The Fourier series expansion of f(x) in [—, 7] is = — 5[ = T 22 + + - ] [ -
sm3x .. ].The function f is bounded and monotonic in [—n 1].So f satisfies Dirichlet’s conditions in
[—m, ]. Also f is continuous at 0. So f(0) E_E —+ + >+ - ]

1.9.4. Find the Fourier series expansion of periodic function f(x) with period 21 defined by

0, m<x<arm

f(x) =141, a < x < b. Find the sum of the series for x = 41 + a and deduce that
0, b<x<m
o sinn(b—a) _ m-b+a
n=1 n - 2

Ans. Hints. Definefat x = mand at x = —mas f(—m) = 0 = f(m)

The function f is bounded and integrable in [—m, t]. The Fourier series of f(x) is %ao +
Yooi(a, cosnx +b,sinnx) where ap = %ffﬂ f(x)dx = %(b —a), a, = i [sinnb — sinna], b, =
i [cos na — cos nb ]. The Fourier series of f(x) is i (b—a) +

Ly (% [(sinnb — sinna) cosnx + (cos na — cos nb) sin nx]).

Here f is piecewise monotone and bounded in [-m, 7].. So f satisfies Dirichlet's conditions in [- T, 1]

Since f is periodic function of period 2m, so f(41 + a) = f(a). Now the Fourier series for f(x) converges at
Xx=4m+a to% [f@+0)+f(a—0)] = % That is the sum of the series atx = 41 + a is%



At x=b, the Fourier series converges to % [fb+0)+f(b—0)] = % Hence% = % +

1w sinn(b-a) sinn(b-a) Ti—b+a

" . So XX =
- n=1 n Zn—l n 2

—CcosX, m<x<0

COS X, 0<x<m

. . . .2 6 10
series for the function f(x). Hence find the sum of the series 13 57 tona

1.9.5 Let f: [—m, t] — R be defined as follows: f(x) = { . Obtain the Fourier

1
—4n

Ans. Hints.ag = 0,a, = 0,b, = ﬁifn iseven b, = 0 ifnis odd.Atx =
T

T . .
— the sum of the series is—
4 42

1.9.6. Show that the even function f(x) =

. . . . T 4
|x| has a Fourier cosine series in [- T, t] of the formE — ;{

cosx . cos3x . cos5x
12 32 + 52

+ '--}.Hence

1. 1 1 2
showthatﬁ+3—2+§+ =

1.9.7. Prove that the odd function (x) = e*—e X x €

. . . 4(sinhm) sinx 2(sin 2x)

[- m, ] has a Fourier sine series of the form ¢ [5—— ¢ >
1241 2241

1 3 5

1241 3241 ' 5241

+ ---]. Hence show that

T
+ - =m/(4cosh)
Fourier sine and cosine series:

If fis a real valued function on [0, ] which is bounded and integrable then the series of the form

. . . . . , 2 (m , .
Yme1 by sinnx is called a Fourier sine seriers,if b,, = - fo f(x) sinnx dx. And the series of

a . . . , . 2
the form ?0 + Yoot @y cosnx is called a Fourier cosine seriers,if a, = - fo f(x) cosnx dx.

(x —m)? when0 < x <,

n?, whenn < x < 2m.

1.9.8. The function f is defined for 0 < x < 2m as f(x) ={ Hence deduce

1
the value of ), =

Ans. Defining f(0)= 12, here f is bounded and integrable in [0,2]. So the Fourier series for f(x) is %ao +

Yozq(ap cosnx + by, sinnx)

T
Where a, = %fozn f(x)dx = %[f;(x —m)?dx + f;“nzdx] = %[[@]0 + [%x]3™] = %112

1 2T 1 L 2m
ap =E_[ f(x) cos nx dX:E[f (x —m)? cos nx dx+f 12 cos nx dx]
0 0 TC

T

= %{E (x — m)? sin nx]0

} 2
cosnxdx; = —
n

— 2/nJ:(x— 1) sin nx dx} = —nf—n{[—(x—n) cos nx]§ +.[

0



b 1 cm 2 . d 2T 2 . dx? = 1 (x—m)? T 2 n
n—;{fo (x —m)?sinnxdx + [ (m)? sinnx dx} = - [—Tcosnx]0+;f0 (x —

m2(cos nx) 1 [(-1)2n? 2
1) cos nx dx — — I%’T} = {( 1) 2 += [cos nx]“} =——"5 (1- (—1)“)]. Hence the

_4\n.2
Fourier series of f(x) in [0, 2] is 51T2+Zn 173 Z cosnx ++ Z ( 131 T _ % 1- (—1)“)] sin nx.

Here f is monotonically decreasing in [0, Tt] and monotonically increasing in [m, 21](constant function in
[T, 2m]). So f satisfies Dirichlet’s conditions in [O 2 ). At x= 0, the Fourier series converges to %

[f(0+0)+f(2 T — 0)]. Thus % = —n + Yoot = . That is — 2?&1%

1.9.9. Find the Fourier cosine series for the function f defined for 0<= x<= 1t as f(x) =

[ T o< n
| 3’0—X<3

4 0, E <x< 2—“ and f(g) = %f(z?n) = —11‘—2. Find the sum of the series for

I 11211
—_—— <
k 303 SXST

n 101 1.1 1
x-;anddeducethatl—E+;—H+1—3—1—7+---—1t/2\/§.

Ans. Here fis bounded and integrable in [0, Tt]. So the Fourier cosine series for fis az_o + Yo, ap, COS nx.

Where ao = %f;f(x)dx = %{ Oggdx+f%(—§) dx} =§{E—E} = 0.

3 3

2 (T 2 (m = m T 2 (. 3 . p
n = Efo f(x) cos nx dx = ;{; J§ cosnx dx — ;fz_ncos nx dx} = Ei[sm nx]3 — [sin l'lX]z?n} =

2 2 4
o (sm— + smL) = 3—sm—cos T which is nonzero only when n is odd but not a multiple of 3.

2 COSX  COS5X
So the Fourier cosine series for the function f(x) is = Zn 15 sm—cos T cosnx = e [T -

-t ...

COS 7X cos11x ]
7 11

Here f is bounded and monotonically decreasing in the interval [0, Tt]. Thus f satisfies Dirichlet’s

condition in [0, T]. Also f is continuous at 0. So at x=0, the series converges to f(0). Thus g =

2(1 1,1 1
ﬁ(I_E-l_;_H-l_m) ThlSlmpllES\/_ 1——+———+

sinx sin 3x sin 5x
13 33 53

+),0<x<T

1.9.10. Prove thatfor 0 < x < m,x(m — x) = %( + - ) .Hence deduce thatx =

i 4 (cos X cos 3x cos 5x cos 7x
2

12-|_32-|_52+72

Answer: Suppose f(x) = x(m—x),0 < x < .

Then the Fourier sine series of f(x) in [0, 1] is Xp=; by sinnx,



_ TT
where b, = %f“f(x) sinnxdx = Ef“x(n —x)sinnxdx = %{[—X—(ﬂn x) cos nx]0 +%f$(n —

2x) cosnx dx{ = ——{[(m — 2x) sinnx|{ + 2 smnxdx =— —Cosnxﬂ:i[l—(—l)n].
0

n n3m

. . . . 8 (sinx | sin3x | sin5x
So the Fourier sine series of f(x) is —{ + - }
ml 13 33 53

Here fis continuous in [0, ], so it is bounded in [0, Tt]. Also f is monotonically increasing in[O, g] and

monotonically decreasing in E n]. So f satisfies Dirichlet’s conditions in [0, T].

8 (sinx sin3x | sin5x

Since f is continuous in [0, 7], x(Tt — x) = —( =3 > =t ) ,0<x<m

The last part will be proved later in Chapter SEQUENCE and SERIES of FUNCTIONS.

1.9.11. Find the Fourier series of the periodic function f with period 21t defind by f(x) =
{0, —n<x<0
eX0<x<m’

Ans. Here f is bounded and integrable in [—Tt, 1t]. So the Fourier series of f(x)is az_o + Yo-q1(ap cosnx +
b, sinnx) where aq = %ffn f(x) dx = %f; eXdx = %(e1T -1),a, = ifon eXcosnxdx =

%{[eX cosnx]§ +n f, e*sinnx dx} = i{(—l)“e“ —1—n? [ e* cos nx dx}.

_1)neT _
an = 1'[(1+n2) {( ) }
b, = Efo e*sinnxdx = ;{[eX sinnx|g — nfon e* cos nx dx} = —%{[ex cosnx|§ +

nf; eXsinnxdx} =
—%{(—1)%“ —1+nby,}.

n 1'[(1+n2) ————{(—1)"e™ — 1}. So the Fourier series of fin [—, 1] is f(x) ~%(e1T -1+

——{(—1D"e™ — 1} cosnx + Xpry ——{(—1)"e™ — 1} sinnx.

n=1 n(1+n2) n(1+n2)

1.9.12. Show that if O<x<Tt, T—X = + Yneq (sin2nx)/
n .Show that the equation does not hold for x = 0 and x = m. Explain why it does not hold.

1.10 BESSEL’s INEQUALITY: If f : [—T, 1] - R be continuous except for a finite number of jump
discontinuity and is periodic of period 27t then + X 1(an

b,z,) < ;f_n f2(x)dx, where a, and b) sare Fourier coefficients.

Corollary: If f satisfies the stated conditions, then + Y= 1(aZ + b2) is convergent.



2
1.11 PARSEVAL’S IDENTITY: If a,,, b, sare Forier coefficients of f in [—m, 1], then az—" +
o 1
n1(ad +b3) == ST f2(x)dx.

. . sin nx . . . .
1.12.1 Examples : The series Yo, sinnx, Y- 7 are not Fourier series of Riemann integrable

function in [—, ] as X,en b2 is divergent.

1.12.2 Example: Examine whether the trigonometric series Y,,>; Slzznx is a Fourier seriesin [- T, m].

1 o . 1, .
Answer: Here a, = 0 and b, = —. Since the series Yo (@2 + b3) = ZF is a convergent series so

the given series is a Fourier series of some Riemann integrable function in [- 1, ]



