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STATISTICAL METHODS IN CHEMICAL ANALYSIS 

 Once we accept that quantitative studies will play a dominant role in any 

analytical laboratory, we must accept also that the errors that occur in such studies 

are of supreme importance. Our guiding principle will be that no quantitative results 

are of any value unless they are accompanied by some estimate of the errors inherent 

in them. The principle naturally applies not only to analytical chemistry but to any 

field of study in which numerical experimental results are obtained. 

►Absolute error: The absolute error of a measurement is the difference between the 

measured value and the true value. It bears a sign. The absolute error Ea in the 

measurement of a quantity xi is given by the equation: 

Ea = xi – xt 

where xt is the true, or accepted, value of the quantity. A negative value of Ea implies 

that the experimental result is smaller than the true or accepted value while a 

positive value shows that the experimental result is greater than the true or accepted 

value. 

►Relative error: Often, the relative error Er is a more useful quantity than the 

absolute error. The percent relative error is given by the expression: 

Er = (xi – xt)/xt × 100% 

►Accuracy: Accuracy indicates the closeness of the measurements to its true or 

accepted value and is expressed by the error. Accuracy is expressed in terms of either 

absolute or relative error. 

►Precision: When a sample is analyzed several times, the individual results are 

rarely the same. Instead, the results are randomly scattered. Precision is a measure of 

the variability. The closer the agreement between the individual analyses, the more 

precise is the results. Precision describes the reproducibility of measurements- that 

is, the closeness of results that have been obtained in exactly the same way. 

Generally, the precision of a measurement is readily determined by simply repeating 

the measurement. 

 Three terms are used widely to describe the precision of a set of replicate data: 

standard deviation, variance and coefficient of variation. All of these terms are a 

function of the deviation from the mean, which is defined as: deviation from the 



Dr. Jishnunil Chakraborty – Assistant Professor – St. Paul’s C. M. College, Kolkata-700009 

 
2

mean = di = |xi –x|. The deviations from the mean are calculated without regard to 

sign. 

►Difference between accuracy and precision: Accuracy measures the agreement 

between a result and its true value. Precision describes the agreement among several 

results that have been measured in the same way. Precision is determined by simply 

replicating a measurement. On the other hand, accuracy can never be determined 

because the true value of a quantity can never be known exactly. An accepted value 

must be used instead. Accuracy expresses the correctness of a measurement, and 

precision the reproducibility of a measurement. Precision always accompanies 

accuracy, but a high degree of precision does not imply accuracy. This may be 

illustrated by the following example: 

A substance was known to contain 49.06 ± 0.02% of a given constituent A. The results 

obtained by two observers using the same substance and the same general technique were: 

Observer 1: 49.01, 49.21, 49.08    (Mean = 49.10) 

Relative mean error = [(49.10 – 49.06)/49.06] × 100 = 0.08% 

Relative mean deviation = [1/3(0.09 + 0.11 + 0.02) /49.10] × 100 = 0.15% 

Observer 2: 49.40, 49.44, 49.42    (Mean = 49.42) 

Relative mean error = [(49.42 – 49.06)/49.06] × 100 = 0.73% 

Relative mean deviation = [1/3(0.02 + 0.02 + 0.00) /49.42] × 100 = 0.03% 

 The analyses of Observer 1 were therefore accurate and precise; those of Observer 2 

were unusually precise, but less accurate than those of observer 1. Some small source of 

constant error appears to be present in the results of 2. 

►Repeatability and reproducibility: Although the word reproducibility has been 

used earlier as an approximate definition of precision, modern convention makes a 

careful distinction between repeatability and reproducibility. 

 Suppose a student would perform five replicate acid-base titrations in rapid 

succession; very probably the whole exercise would not take not more than an hour 

or so. The same set of solutions and the same glassware would be used throughout, 

the same preparation of indicator would be added to each titration flask, and the 

temperature, humidity and other laboratory conditions would remain much the 

same. In such circumstances the precision measured would be the within-run 
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precision: this is called the repeatability. Suppose, however, that for some reason the 

same student did the titrations on five different occasions. In such circumstances he 

or she would probably use different pieces of glassware and different batches of 

indicators; the laboratory conditions might also change from time to time. So it 

would not be surprising to find a greater spread of results in this case. This set of 

data would reflect the between-run precision of the method, and it is this to which the 

term reproducibility should be applied. 

►Types of errors in experimental data: Experimental scientists make a fundamental 

distinction between three types of error. These are known as gross, systematic and 

random errors. 

♥♥♥♥ Gross errors: Gross errors are readily described: they may be defined as errors 

which are so serious that there is no real alternative to abandoning the experiment 

and making a completely fresh start. Examples would include a complete instrument 

breakdown, accidentally dropping or discarding a crucial sample, or discovering 

during the course of the experiment that a supposedly pure reagent was in fact 

badly contaminated, and the malfunction of an instrument. Such errors (which occur 

occasionally even in the best-regulated laboratories!) are normally very easily 

recognized. In our discussion we thus have only to distinguish carefully between 

random and systematic errors. 

♥♥♥♥ Systematic errors: Systematic errors have a definite value and an assignable cause, 

and are of the same magnitude for replicate measurements made in the same way. 

This type of error may originate due to use of a method or an instrument which 

perhaps always gives higher or lower results. The error is determinate in so far as 

the extent of error can easily be found out and the method or the instrument can 

easily be calibrated. 

Types of systematic errors:  

(i) Instrument errors: All measuring devices are potential sources of systematic errors. 

For example, pipetts, buretts, and volumetric flasks may hold or deliver volumes 

slightly different from those indicated by their graduations. These differences arise 

from using glassware at a temperature that differs significantly from the calibration 

temperature, from distortions in container walls due to heating while drying, from 
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errors in the original calibration, or from contaminants on the inner surfaces of the 

containers. Calibration eliminates most systematic errors of this type. 

 Electronic instruments are subject to instrumental systematic errors. These can 

have many sources. For example, errors may emerge as the voltage of a battery-

operated power supply decreases with use. Errors can also occur if instruments are 

not calibrated frequently or calibrated incorrectly. The analyst may also use an 

instrument under conditions in which errors are large. For example, a pH meter 

used in strongly acidic media is prone to an acid error. Temperature changes cause 

variation in many electronic components, which can lead to drifts and errors. Some 

instruments are susceptible to noise induced from the alternating current (AC) 

power lines, and this noise may influence precision and accuracy. In many cases, 

errors of these types are detectable and correctable. 

(ii) Method errors: The nonideal chemical or physical behavior of the reagents and 

reactions on which an analysis is based often introduces systematic method errors. 

Such sources of nonideality include the slowness of some reactions, the 

incompleteness of others, the instability of some species, the nonspecificity of most 

reagents, and the possible occurrence of side reactions that interfere with the 

measurement process. For example, a common method error in volumetric analysis 

results from the small excess of reagent required to cause an indicator to undergo the 

color change that signals completion of the reaction. The accuracy of such an 

analysis is thus limited by the very phenomenon that makes the titration possible. 

Errors inherent in a method are often difficult to detect and are thus the most serious 

of the three types of systematic error. 

(iii) Personal errors: Many measurements require personal judgments. Examples 

include estimating the position of a pointer between two scale divisions, the color of 

a solution at the endpoint in a titration, or the level of a liquid with respect to a 

graduation in a pipette or burette. Judgments of this type are often subject to 

systematic, unidirectional errors. For example, one person may read a pointer 

consistently high, another may be slightly slow in activating a timer, and a third may 

be less sensitive to color changes. An analyst who is insensitive to color changes 

tends to use excess reagent in a volumetric analysis. Analytical procedures should 
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Suppose that 0.50 mg of precipitate is lost as a result of being washed with 
200 ml of wash liquid. If the precipitate weighs 500 mg, the relative error 
due to solubility loss is –(0.50/500) × 100% = –0.1%. Loss of the same 
quantity from 50 mg of precipitate results in a relative error of –1.0%. 
 

always be adjusted so that any known physical limitations of the analyst cause 

negligibly small errors.  

A universal source of personal error is prejudice, or bias. Most of us, no 

matter how honest, have a natural tendency to estimate scale readings in a direction 

that improves the precision in a set of results. Alternatively, we may have a 

preconceived notion of the true value for the measurement. We then subconsciously 

cause the results to fall close to this value. Number bias is another source of personal 

error that varies considerably from person to person. The most frequent number bias 

encountered in estimating the position of a needle on a scale involves a preference 

for the digits 0 and 5. Also common is a prejudice favoring small digits over large 

and even numbers over odd. 

(iv) Constant errors: The effect of a constant error becomes more serious as the size of 

the quantity measured decreases. The effect of solubility losses on the results of a 

gravimetric analysis, shown in the following example, illustrates this behavior: 

The excess of reagent required to bring about a color change during a titration is 

another example of constant error. This volume, usually small, remains the same 

regardless of the total volume of reagent required for the titration. Again, the relative 

error from this source becomes more serious as the total volume decreases. One way 

of reducing the effect of constant error is to increase the sample size until the error is 

tolerable.  

(v) Proportional errors: A common cause of proportional errors is the presence of 

interfering contaminants in the sample. For example, a widely used method for 

determining copper is based on the reaction of copper(II) ion with potassium iodide 

to give iodine. The quantity of iodine is then measured and is proportional to the 

amount of copper. Iron(III), if present, also liberates iodine from potassium iodide. 

Unless steps are taken to prevent this interference, high results are obtained for the 

percentage of copper because the iodine produced will be a measure of the 
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copper(II) and iron(III) in the sample. The size of this error is fixed by the fraction of 

iron contamination, which is independent of the size of sample taken. If the sample 

size is doubled, for example, the amount of iodine liberated by both the copper and 

the iron contaminant is also doubled. Thus, the magnitude of the reported 

percentage of copper is independent of the size of the sample. 

♥♥♥♥ Random errors: Random, or indeterminate, errors exist in every measurement. 

They can never be totally eliminated and are often the major source of uncertainty in 

a determination. Random errors are caused by many uncontrollable variables that 

are an inevitable part of every analysis. Most contributors to random error cannot be 

positively identified. Even if we can identify sources of uncertainty, it is usually 

impossible to measure them because most are so small that they cannot be detected 

individually. The accumulated effect of the individual uncertainties, however, causes 

replicate measurements to fluctuate randomly around the mean of the set. As the 

results follow a random distribution, mathematical laws of probability may be 

applied to arrive at some conclusion regarding the most probable result of a series of 

measurements. 

Sources: Random errors may arise due to the noise which is due to fluctuations in the 

atomic or molecular levels. There is absolutely no way of avoiding it. 

We can best make the distinction between systematic and random errors by 

careful study of a real experimental situation. Four students (A-D) each perform an 

analysis in which exactly 10.00 ml of exactly 0.1 (M) NaOH is titrated with exactly 0.1 

(M) HCl. Each student performs five replicate titrations, with the results shown in 

Table 1. 

 Table 1: Systematic and random errors 

Student Results (ml.) Comment 

 

A 

10.08 
10.11 
10.09 
10.10 
10.12 

 
Precise 

Inaccurate 

 

B 

9.88 
10.14 
10.02 
9.80 

10.21 

 
Accurate 
Imprecise 
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C 

10.19 
9.79 
9.69 

10.05 
9.78 

 
Inaccurate 
Imprecise 

 

D 

10.04 
9.98 

10.02 
9.97 

10.04 

 
Accurate 
Precise 

The results obtained by Student A have two important characteristics. First 

they are all very close: all the results lie between 10.08 and 10.12 ml. in everyday 

terms we would say that the results are highly reproducible. The second feature of 

the result is that they are all too high: in this experiment in this experiment 

(somewhat unusually) we know the correct answer in advance- it should of course 

be 10.00 ml. It is evident that two entirely separate types of error have occurred 

within this student’s experiment. First, they are random errors- these cause the 

individual results to fall on both sides of the average value (10.10 ml in this case). 

Statisticians say that random errors affect the precision or reproducibility of an 

experiment. In the case of Student A it is clear that the random errors are small, so 

we say that the results are precise. In addition, however, there are systematic errors- 

these cause all the results to be in error in the same sense (in this case they are all too 

high). Systematic errors, also called bias, affect accuracy, i.e. proximity to the true 

value. In many experiments the random and systematic errors are not only readily 

distinguishable by inspection of the results; they also have quite distinct origins in 

terms of experimental technique and equipment. Student B has obtained results 

which are in direct contrast to those of Student A. The average of the five results 

(10.01 ml) is very close to the true value, so we could characterize the data as 

accurate without substantial systematic error. The spread of the results is very large, 

however, indicating poor precision and the presence of substantial random error. 

Comparison of these results with those obtained by Student A shows clearly that 

random and systematic errors can occur independently of one another. This 

conclusion is reinforced by the data of Students C and D. Student C’s work is neither 

precise (range 9.69-10.19 ml) nor accurate (average 9.90 ml). Student D has achieved 

both precise (range 9.97-10.04 ml) and accurate (average 10.01 ml) results. 
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►Determinate and indeterminate errors: Some texts speak of determinate and 

indeterminate errors, meaning the same as systematic and random errors, 

respectively. 

 Determinate errors are generally unidirectional with respect to the true value, 

in contrast indeterminate errors discussed below, which lead to both high and low 

results with equal probability. Determinate errors are often reproducible, and in 

many cases they can be predicted by a person who thoroughly understands all the 

aspects of the measurements. Examples of sources of determinate errors are an 

incorrectly calibrated instrument, such as a burette, balance or pH-meter, an 

impurity of a reagent, a side reaction in a titration and heating a sample at too high a 

temperature. 

 Indeterminate error, as the name implies cannot be attributed to any known 

cause, but they inevitably attend measurements made by human beings. They are 

random in nature and lead to both high and low results with equal probability. They 

cannot be eliminated or corrected and are the ultimate limitation on the 

measurement. They can be treated by statistics and repeated measurements of the 

same variable can have the effect of reducing their importance. 

 Indeterminate errors really originate in the limited ability of the analyst to 

control or make corrections for external conditions, or the inability of recognize the 

appearance of factors that will result in errors. Some random errors stem from the 

more statistical nature of things, for example, nuclear counting errors. Sometimes, by 

changing conditions, some unknown error will disappear. Of course, it will be 

impossible to eliminate all possible random errors in an experiment, and as 

mentioned, the analyst must be content to minimize them to a tolerable or 

insignificant level. 

►Population and sample: It is supposed that there exists a “universe” of data made 

up on an infinite number of individual measurements, and it is actually this infinite 

population to which the normal error function pertains. A finite number of replicate 

measurements are considered by statisticians to be a sample drawn in a random 

fashion from a hypothetical infinite population; thus it is hoped that the sample is a 

representative one; and fluctuations in its individual values may be considered to be 
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normally distributed so that the terminology and techniques associated with the 

normal error function may be employed in their analysis. 

►Distribution of random errors: Although the standard deviation gives a measure 

of the spread of a set of results about the mean value, it does not indicate the way in 

which the results are distributed. To illustrate this we need a large number of 

measurements such as those in Table 2: 

Table 2: Results of 50 determinations of nitrate ion concentration in µg/ml 

0.51 0.51 0.51 0.50 0.51 0.49 0.52 0.53 0.50 0.47 
0.51 0.52 0.53 0.48 0.49 0.50 0.52 0.49 0.49 0.50 
0.49 0.48 0.46 0.49 0.49 0.48 0.49 0.49 0.51 0.47 
0.51 0.51 0.51 0.48 0.50 0.47 0.50 0.51 0.49 0.48 
0.51 0.50 0.50 0.53 0.52 0.52 0.50 0.50 0.51 0.51 

This gives the results of 50 replicate determinations of the nitrate ion concentration 

in a particular water specimen, given in two significant figures. These can be 

summarized in a frequency table: 

Table 3: Frequency table for measurement of nitrate ion concentration 

Nitrate ion concentration 
(µg/ml) 

Frequency 

0.46 1 
0.47 3 
0.48 5 
0.49 10 
0.50 10 
0.51 13 
0.52 5 
0.53 3 

This table thus indicates that, in Table 2, the value 0.46 µg/ml appears once, the 

value 0.47 µg/ml appears three times, and so on. The mean of these results is 0.50 

µg/ml and the standard deviation is 0.02 µg/ml. The distribution of the results can 

most easily be appreciated by drawing a histogram as shown in the following figure. 

Histogram: The histogram consists of contiguous columns of heights proportional to 

the frequencies, erected upon the full widths of the cells. 
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Figure 1: Histogram of the nitrate ion concentration data in Table 3. 

This shows that the distribution of the measurements is roughly symmetrical about 

the mean, with the measurements clustered towards the centre. 

 This set of 50 measurements is a sample from the very large (in theory 

infinite) number of measurements which we could make of the nitrate ion 

concentration. The set of possible measurements is the population. If there are no 

systematic errors, then the mean of this population, denoted by µ, is the true value of 

the nitrate ion concentration. The mean, x, of the sample gives us an estimate of µ. 

Similarly, the population has a standard deviation, denoted by σ. The value of the 

standard deviation, s, of the sample gives us an estimate of σ. If n, rather than (n–1), 

is used in the denominator of the equation for the standard deviation, the value of s 

obtained tends to underestimate σ. 

►Probability distribution for population: To predict the properties of a population 

on the basis of a sample, it is necessary to know something about the expected 

distribution of population around its central value. The distribution of a population 

can be represented by plotting the frequency of occurrence of individual values as a 

function of the values themselves. Such plots are called probability distributions.  

►Gaussian distribution or normal distribution: The measurements of nitrate ion 

concentration given in Table 2 have only certain discrete values, because of the 

limitations of the method of measurement. In theory a concentration could take any 

value, so to describe the form of the population from which the sample was taken, a 

continuous curve is needed. Continuous data resulting from a number of analyses of 
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an individual chemical sample fall within a range of values that satisfies the normal 

distribution. This is a bell-shaped curve that is symmetrical about the mean as 

shown in the following figure. The mean has the highest frequency. The curve 

satisfies the equation:   

y = 1

2πσ
e

2
-(x-µ) 2σ 2

 

R
el

at
iv

e 
fr

eq
u

en
cy

µ

Deviation from mean

y

x

+1σ-1σ

+2σ

+3σ

-2σ

-3σ

0 +-

 

Figure 2: Normal distribution or Gaussian distribution curve. 

Here y represents the relative frequency with which random sampling of the infinite 

population will bring to hand a particular value of x. With this type of distribution 

whatever be the values of µ and σ, about 68% of all values will fall within one 

standard deviation on either side of the mean, 95% will fall within two standard 

deviations, 99.7% within three standard deviations. This would mean that, if the 

nitrate ion concentrations given in Table 3 are normally distributed, about 68% 

should lie in the range 0.483-0.517, about 95% in the range 0.467-0.533 and 99.7% in 

the range 0.450-0.550. In fact 33 out of the 50 results (66%) lie between 0.483 and 

0.517, 49 (98%) between 0.467 and 0.533, and all the results between 0.450 and 0.550, 

so the agreement with theory is fairly good. It is important to note that σ and µ refer 

to the standard deviation and mean respectively of a total population whilst the 

Roman letters s and x are used for samples of population. An inspection of this error 

curve shows: (a) the mean occurs at the central point of maximum frequency; (b) 

there is a symmetrical distribution of positive and negative deviations about the 

Skewness (j): An index for the deviation 
from symmetrical nature of the normal 
distribution curve. 

j = (mean−mode)/standard deviation 

j = 3(mean−median)/standard deviation 
(Pearson’s formula) 
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maximum; (c) small errors occur more frequently than large errors and large errors 

occur relatively infrequently. 

►Measures of central tendency and variability: The central tendency of a group of 

results is simply that value about which the individual results tend to “cluster”. For 

an infinite population, it is µ, the mean of such a sample. 

♠ Mean: The mean of a finite number of measurements, x1, x2, x3, …., xn, is often 

designated x to distinguish it from µ. Of course, x approaches µ as limit when n, the 

number of measured values, approaches infinity. Calculation of the mean involves 

simply averaging the individual results: 

=x = 
x1 + x2 + x3 + ......+ xn

n

Σ
i = 1

i = n

xi

n  

The mean is generally the most useful measure of central tendency. It may be shown 

that the mean of n results is √n times as reliable as any one of the individual results. 

Thus there is a diminishing return from accumulating more and more replicate 

measurements: The mean of 4 results is twice as reliable as 1 result in measuring 

central tendency; the mean of 9 results is three times as reliable; the mean of 25 

results, five times as reliable etc. Thus generally speaking, it is inefficient for a 

careful worker who gets good precision to repeat a measurement more than a few 

times.  

♠ Median: The median of an odd number of results is simply the middle value when 

the results are listed in order; for an even number of results, the median is the 

average of the two middle ones. In a true symmetrical distribution, the mean and the 

median are identical. Generally speaking, the median is a less efficient measure of 

central tendency than is the mean, but in certain instances it may be useful, 

particularly in dealing with very small samples. 

♠ Mode: The value corresponding to the highest frequency is called the mode. 

♠ Range: Since two parameters, µ and σ, are required to specify a frequency 

distribution, it is clear that two populations may have the same central tendency but 

differ in “spread” or variability (or, as some say, dispersion). For a finite number of 
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values, the simplest measure of variability is the range, which is the difference 

between the largest and smallest values: 

Range = Xlargest – Xsmallest 

Like the median, the range is sometimes useful in small sample statistics, but 

generally speaking it is an inefficient measure of variability. The range provides 

information about the total variability in the data set, but does not provide any 

information about the distribution of individual measurements. 

♠ Mean deviation: The average deviation from the mean is often given in scientific 

papers as a measure of variability, although strictly it is not very significant from a 

statistical point of view, particularly for a small number of observations. For a large 

group of data which are normally distributed, the average deviation approaches 

0.8σ. To calculate the average or mean deviation, one simply finds the differences 

between individual results and the mean, regardless of sign, add these individual 

deviations, and divides by the number of results: 

d = Mean deviation  =

Σ
i = 1

i = n

n

xi x

 

♠ Relative mean deviation: Often the mean deviation is expressed relative to the 

magnitude of the measured quantity, for example, as a percentage: 

=Relative mean deviation (%) =
d

X 100x

n/
X 100

xxi

i = n

i = 1
Σ

x  

♠ Standard deviation: The standard deviation is much more meaningful statistically 

than is the mean deviation. The symbol s is used for the standard deviation of a finite 

number of values; σ is reserved for the population parameter. The standard 

deviation, which may be thought of as root-mean-square deviation of values from 

their average, is calculated using the following formula. If n is large (say 50 or more), 

then, of course, it is immaterial whether the term in the denominator is (n–1) (which 

is strictly correct) or n. 
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=s xxi

i = n

i = 1
Σ 2

n 1
 

♠ Coefficient of variation: When the standard deviation is expressed as a percentage of 

the mean, it is called the coefficient of variation (v): 

=v X 100x
s

 

♠ Variance: The variance is simply the square of the standard deviation. Note that 

the standard deviation has the same units as the data, whereas the variance has the 

units of the data squared. People who do scientific work tend to use standard 

deviation rather than variance as a measure of precision. It is easier to relate the 

precision of a measurement to the measurement itself if they both have the same 

units. The advantage of using variance is that variances are additive, as we shall see 

later in this chapter. 

►The number of degrees of freedom: The number of degrees of freedom indicates 

the number of independent results that enter into the computation of the standard 

deviation. When µ is unknown, two quantities must be extracted from a set of 

replicate data: x and s. One degree of freedom is used to establish x because, with 

their signs retained, the sum of the individual deviations must be zero (∑(xi − x) = 0). 

Thus, when (n–1) deviations have been computed, the final one is known. 

Consequently, only (n–1) deviations provide an independent measure of the precision 

of the set. Failure to use (n–1) in calculating the standard deviation for small samples 

results in values of s that are, on average, smaller than the true standard deviation σ. 

►Reliability of results (Q-test): Statistical figures obtained from a set of results are 

of limited value by themselves. Analysis of the results can be considered in two main 

categories: (a) the reliability of the results; and (b) comparison of the results with the 

true value or with other sets of data. 

 A most important consideration is to be able to arrive at a sensible decision as 

to whether certain results may be rejected. It must be stressed that values should be 

rejected only when a suitable statistical test has been applied or when there is an 
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obvious chemical or instrumental reason that could justify exclusion of a result. Too 

frequently, however, there is a strong temptation to remove what may appear to be a 

‘bad’ result without any sound justification. Consider the following example: 

The following results were obtained for the determination of cadmium in a sample of dust: 

4.3, 4.1, 4.0, 3.2 µg/g. should the last value 3.2 be rejected? 

 The Q-test may be applied to solve this problem. 

Q = |Questionable value − Nearest value| / (Largest value − Smallest value) 

Q = |3.2 − 4.0|/(4.3 − 3.2) = 0.8/1.1 = 0.727 

If the calculated value of Q exceeds the critical value given in the Q table, then the 

questionable value may be rejected. 

 In this example, Q calculated is 0.727 and Q critical, for a sample size of four, is 

0.831. Hence the result 3.2 µg/g should be retained. If, however, in the above example, three 

additional measurements were made, with the results: 4.3, 4.1, 4.0, 3.2, 4.2, 3.9, 4.0 µg/g 

then,  

Q = |3.2 − 3.9|/(4.3 − 3.2) = 0.7/1.1 = 0.636 

The value of Q critical for a sample size of 7 is 0.570, so rejection of the value 3.2 µg/g is 

justified. 

It should be noted that the value Q has no regard to algebraic sign. 

Table 4: Critical values of Q (P = 0.05) 

Sample size Critical value 
4 0.831 
5 0.717 
6 0.621 
7 0.570 
8 0.524 
9 0.492 

10 0.464 

►The sampling distribution of the mean: We have already seen that the mean of a 

sample of measurements provides us with an estimate of the true value, µ, of the 

quantity we are trying to measure. Since, however, the individual measurements are 

distributed about the true value with a spread which depends on the precision, it is 

most unlikely that the mean of the sample is exactly equal to the true value. For this 

reason it is more useful to give a range of values within which we are almost certain 

the true value lies. The width of this range depends on two factors. The first is the 
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precision of the individual measurements, which in turn depends on the variance of 

the population. The second is the number of measurements in the sample. The very 

fact that we repeat measurements implies we have more confidence in the mean of 

several values than in a single one. Most people will feel that the more 

measurements we make, the more reliable our estimate of µ, the true value, will be. 

To pursue this idea, let us return to the nitrate ion determination described earlier. In 

practice it would be most unusual to make 50 repeated measurements in such a case. 

A more likely number would be 5 and we can see how the means of samples of this 

size are spread about µ by treating the results in Table 2 as ten samples, each 

containing 5 results. Taking each column as one sample, the means are 0.506, 0.504, 

0.502, 0.496, 0.502, 0.492, 0.506, 0.504, 0.500, and 0.486. It is at once obvious that these 

means are more closely clustered than the original measurements. Just as the original 

measurements were a sample from an infinite population of possible measurements, 

so these means are a sample from the possible means of samples of 5 measurements 

from the whole population. The distribution of these sample means is called the 

sampling distribution of the mean. Its mean is the same as the mean of the original 

population. Its standard deviation is called the standard error of the mean (s.e.m.). 

There is an exact mathematical relationship between it and the standard deviation, σ, 

of the distribution of the individual measurements, which is independent of the way 

in which they are distributed. If n is the sample size, this relationship is: 

s.e.m. = σ/√n 

As we expect intuitively, the larger n is, the smaller the spread of the sample means 

about µ. The universally used term, the standard error of the mean, might mislead 

the reader into thinking that σ/√n gives the difference between x and µ. This is not 

so: σ/√n gives a measure of the uncertainty involved in estimating µ from x, as we 

shall see in the next section. 

 Another property of the sampling distribution of the mean is that, even if the 

original population is not normal, the sampling distribution of the mean tends to the 

normal distribution as n increases. This result is known as the central limit theorem. 

This theorem is of the utmost important because many statistical tests are performed 

on the mean and assume that it is normally distributed. Since in practice we can 
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assume that distributions of repeated measurements are at least approximately 

normally distributed, it is reasonable to assume that the means of quite small 

samples (say > 5) are normally distributed. 

►Confidence limits of the mean: Now that we know the form of the sampling 

distribution of the mean we can return to the problem of using a sample to define a 

range within which we may reasonably assume the true avalue lies. (Remember that 

in doing this we are assuming systematic errors to be absent.) Such a range is known 

as a confidence interval and the extreme values of the range are called the confidence 

limits. The term ‘confidence’ implies that we can assert with a given degree of 

confidence, i.e. a certain probability, that the confidence interval does include the 

true value. The size of the confidence interval will obviously depend on how certain 

we want to be that it includes the true value: The greater the certainty, the greater 

the interval required. 

 Figure 3 shows the sampling distribution of the mean for samples of size n. 

assuming from now on that this distribution is normal, then 95% of the sample 

means will lie in the range given by: 

µ – 1.96(σ/√n) < x < µ + 1.96(σ/√n) 

y

x

95%

µ µ + 1.96σ/ nµ - 1.96σ/ n
 

Figure 3: The sampling distribution of the mean, showing the range within which 

95% of sample means lie. 

In practice, however, we usually have one sample, of known mean, and we 

require a range for µ, the true value. The above equation can be rearranged to give: 

x – 1.96(σ/√n) < µ < x + 1.96(σ/√n) 
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This equation can be used to calculate the 95% confidence limits for the nitrate ion 

concentration. We have x = 0.500 and n = 50. The only quantity in the equation 

which we do not know is σ. For larger samples such as this one, s gives a sufficiently 

accurate estimate of σ to replace it. Thus the 95% confidence interval for the nitrate 

ion concentration is: 

0.500 – 1.96 × 0.0165/√50 < µ < 0.500 + 1.96 × 0.0165/√50 

giving the confidence limits as: 

µ = 0.500 ± 0.0046 µg/ml 

 As the sample size gets smaller, the uncertainty introduced by using s to 

estimate σ increases. To allow for this the equation used to calculate the confidence 

limits is modified to: 

µ = x ± t(s/√n) 

►The method of least squares: For most chemical analyses, the response of the 

procedure must be evaluated for known quantities of analyte (called standards) so 

that the response to an unknown quantity can be interpreted. For this purpose, we 

commonly prepare a calibration curve. Most often, we work in a region where the 

calibration curve is a straight line that takes the algebraic form: y = mx +c where m is 

the slope of the line and c is the intercept on the y-axis. The mean of x-values is as 

usual, called x, and the mean of the y-values is y: the position (x,y) is then known as 

the “centroid” of all the points. 

 In order to estimate how well the experimental points fit a straight line, we 

calculate the product-moment correlation coefficient, r. This statistic is often referred to 

simply as the “correlation coefficient” because in quantitative sciences it is by far the 

most commonly used type of correlation coefficient. The value of r is given by: 

r = 
Σ{(xi - x)(yi - y)}
i

i
{[Σ(xi - x)

2
][Σ(yi - y)

2
]}

1/2

i  

Close study of this equation shows that r can take values in the range −1 ≤ r ≤ +1. As 

indicated in Figure 4, an r value of −1 describes perfect negative correlation, i.e. all 

the experimental points lie on a straight line of negative slope. Similarly, when r = +1 

we have perfect positive correlation, all the points lying exactly on a straight line of 
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positive slope. When there is no correlation between x and y the value of r is zero. In 

analytical practice, calibration graphs frequently give numerical r values greater 

than 0.99, and r values less than 0.90 are relatively uncommon. 

y

x

r = +1

r = -1

r = 0

 

Figure 4: The product-moment correlation coefficient, r. 

 We use the method of least squares to draw the “best” straight line through 

experimental data points that have some scatter and do not lie perfectly on a straight 

line. The best straight line will be such that some of the points lie above and some lie 

below the line. We will learn to estimate the uncertainty in a chemical analysis from 

the uncertainties in the calibration curve and in the measured response to replicate 

samples of unknown. 

 It can be shown statistically that the best straight line through a series of 

experimental points is that line for which the sum of the squares of the deviations of the 

points from the line is minimum. This is knon as the method of least squares. If x is the 

fixed variable (e.g. concentration) and y is the measured variable (e.g. absorbance in 

a spectrophotometric measurement), then the deviation of y vertically from the line 

at a given value of x (xi) is of interest. We assume here that the y values are erronious 

and x values are correct. If yl is the value on the line, it is equal to mxi + c. The square 

of the sum of the differences, S, is then:  

S = ∑(yi – yl)2 = ∑(yi – mxi – c)2 -----(1) 

where yi’s are the observed values of y and m and c are the slope and intercept 

respectively of the proper straight line. As S to be a minimum, we equate (δS/δm)c = 

0 and (δS/δc)m = 0. 
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δS/δm = 2∑(yi – mxi – c) (–xi) = 0 

or ∑yixi –m∑xi2 – c∑xi = 0 

Let ‘n’ number of data are present, dividind both sides by n: 

∑xiyi/n –m∑xi2/n – c∑xi/n = 0 

or xy – mx2 – cx = 0 -----(2) 

again, δS/δc = 2∑(yi – mxi – c) (–1) = 0 

or ∑(yi – mxi – c) = 0 

or ∑yi – m∑xi – nc = 0 

Dividind both sides by n: 

y – mx – c = 0 

or c = y – mx -----(3) 

putting the value of c in equation (2) 

xy – mx2 – x(y – mx) = 0 

 

 

              The coefficient m is known as regression coefficient. If we recalculate y’s with 

found values of m and c and plot y vs. x, then the best straight line will be obtained. 

►Propagation of random errors: The relative uncertainty in the answer to a 

multiplication or division operation could be no better than the relative uncertainty 

in the operator that had the poorest relative uncertainty. Also the absolute 

uncertainty in the answer of an addition or subtraction could be no better than the 

absolute uncertainty in the number with the largest absolute uncertainty. Without 

specific knowledge of the uncertainties, we assume an uncertainty of at least ±1 in 

the last digit of each number.  

(i) Addition and subtraction: Consider the addition or subtraction of the following 

numbers: 

(65.06 ± 0.07) + (16.13 ± 0.01) − (22.68 ± 0.02) = 58.51 (±?) 

The uncertainties represent the random or indeterminate errors associated with each 

number, expressed as standard deviations of the numbers. The maximum error of 

the summation, expressed as a standard deviation, would be ±0.10; that is it could be 

m = 
xy xy

x
2

x
2

-----(4) 
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either +0.10 or −0.10 if all the uncertainties happened to have the same sign. The 

minimum uncertainty would be 0.00 if all combined by chance to cancel. Both of 

these extremes are not highly likely, and statistically the uncertainty will fall 

somewhere in between. For addition or subtraction, absolute uncertainties are additive. 

The most probable error is represented by the square root of the sum of the absolute 

variances. That is, the absolute variance of the answer is the sum of the individual 

variances. For a = b + c − d 

sa2 = sb2 + sc2 + sd2 

or, sa = √sb2 + sc2 + sd2 

In the above example,              sa = √(±0.07)2 + (±0.01)2 + (±0.02)2 

                                                         = √±54 × 10−4   = ±7.3 × 10−2 

So the answer is 58.51 ± 0.07. The relative uncertainty is (±0.07/58.51) × 100% = 

±0.119% = ±0.12%. 

(ii) Multiplication and division: Consider the following operation: 

(13.67 ± 0.02) (120.4 ± 0.2) /(4.623 ± 0.006) = 356.0 (±?) 

Here the relative uncertainties are additive, and the most probable error is 

represented by the square root of the sum of the relative variances. That is, the 

relative variance of the answer is the sum of the individual relative variances. For                                                                                             

a = bc/d 

(sa)2rel = (sb)2rel + (sc)2rel + (sd)2rel 

(sa)rel = √(sb)2rel + (sc)2rel + (sd)2rel 

In the above example,  

(sb)rel = ±0.02/13.67 = ±0.0015 

(sc)rel = ±0.2/120.4 = ±0.0017 

(sd)rel = ±0.006/4.623 = ±0.0013 

∴(sa)rel = √(±0.0015)2 + (±0.0017)2 + (±0.0013)2 

= √±6.8 × 10−6   = ±2.6 × 10−3 

The absolute uncertainty is given by sa = 356.0 × (±2.6 × 10−3) = ±0.93 

So the answer is 356.0 ± 0.9. 
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It is important to note that when a quantity is raised to a power, e.g. b3, then the 

error is not calculated as for a multiplication, i.e. b × b × b, because the quantities 

involved are not independent.  

►Significant figures: A significant figure is a digit which denotes the amount of 

quantity in the place in which it stands. The digit 0 is a significant figure except it is 

the first figure in a number. Thus the quantities 1.2680 gm and 1.0062 gm, the 0 is 

significant, but in the quantity 0.0025 kg, the zeros are not significant figures, they 

serve only to locate the decimal point and can be omitted by proper choice of units, 

e.g. 2.5 gm. The first two numbers contain five significant figures but 0.0025 contains 

only two significant figures. Initial zeros are not significant but terminal zeros are 

significant. For example, a weight of 10.2050 gm contains six significant figures. 

When it is necessary to use terminal zeros merely to locate the decimal properly, 

power of 10 may be used to avoid confusion with regard to number of digits that are 

significant. For example, a weight of 24.0 gm expressed as mg should not be written 

as 24000. There are only three significant figures in the number, and this is indicated 

by writing 24.0 × 103 or 2.40 × 104. 

►Computation rules:  

(i) Retain as many significant figures in a result or in a data as will give only one 

uncertain figure. Thus a volume which is known to be between 20.5 cc and 20.7 cc 

should be written as 20.6 cc but not as 20.60 cc since the latter would indicate that the 

volume lies between 20.59 cc and 20.61 cc. Also if a weight to the nearest 0.1 mg  is 

5.2600 gm, it should not be written as 5.260 gm or 5.26 gm, since the latter case an 

accuracy of a centigram is indicated and in the former a milligram. 

(ii) Rounding off: If the digit following the last significant figure is greater than 5, the 

number is rounded up to next higher digit. If it is less than 5, the number is rounded 

to the present value of the last significant figure: 

9.47 = 9.5 

9.43 = 9.4 

If the last digit is a 5, the number is rounded off to the nearest event digit: 

8.65 = 8.6 

8.75 = 8.8 
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8.55 = 8.6 

This is based on the statistical prediction that there is an equal chance that the last 

significant figure before the 5 will be even or odd. That is, in a suitably large 

sampling, there will be an equal number of even and odd digits preceding a 5. All 

nonsignificant digits should be rounded off all at once. The even number rule 

applies only when the digit dropped is exactly 5. 

(iii) Multiplication and division: In many measurements, one estimated digit that is 

uncertain will be included. This is the last significant figure in the measurement; any 

digits beyond it are meaningless. In multiplication and division, the uncertainty of 

this digit is carried through the mathematical operations, thereby limiting the 

number of certain digits in the answer of a multiplication or division as there is in 

the operator with the least degree of certainty, that is, the one with the least number 

of significant figures. This limiting number has been designated as the key number. If 

there is more than one operator with the same lowest number of significant figures, 

then the one with the smallest absolute magnitude without regard to the decimal point 

is the key number (since its uncertainty is the greatest). In multiplication or division, 

retain in each factor one more significant figure than is contained in the factor 

having the lowest number of significant figures (key number), i.e. the factor with the 

largest uncertainty. Thus, 

(42.68 × 891)/(132.6 × 0.5247) = 546.57 

Here, the key number is 891 containing three significant figures, so the above 

expression should be written as: 

(42.68 × 891)/(132.6 × 0.5247) = 5466 

The last 6 is written as a subscript to indicate it is more doubtful. 

Also, 1.26 × 1.236 × 0.6834 × 24.8652 should be carried out using the values: 

1.26 × 1.236 × 0.6834 × 24.86 and the result must be expressed to 3 significant figures 

(26.45849362 = 26.4). 

(iv) Addition and subtraction: Additions and subtractions are handled in a somewhat 

different manner. Here we do not have a key number, and the placing of decimal 

point is important in determining how many figures will be significant. There 
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should be in each number only as many decimal places as there are in the least 

accurately known number. Thus the addition: 

168.11 + 7.045 + 0.6832 must be written as: 

168.11 + 7.04 + 0.68 = 175.83 

(v) Logarithms: In changing from logarithms to antilogarithms, and vice versa, the 

number being operated on and the logarithm mantissa have the same number of 

significant figures. All zeros oin the mantissa are significant. Suppose, for example, 

we wish to calculate the pH of a 2.0 × 10–3 (M) solution of HCl from pH = –log[H+].       

Then, pH = –log[2.0 × 10–3] = –(0.30 + –3) = 2.70 

The –3 is the characteristic (from 10–3), a pure number determined by the position of 

the decimal. The 0.30 is the mantissa for the logarithm of 2.0 and therefore has only 

two digits. So, even though we know the concentration to two figures, the pH (the 

logarithm) has three figures. If we wish to take the antilogarithm of the mantissa, the 

corresponding number will likewise have the same number of digits as the mantissa. 

The antilogarithm of 0.072 (contains three figures in mantissa 0.072) is 1.18, and the 

logarithm of 12.1 is 1.083 (1 is the characteristic, and the mantissa has three digits, 

0.083). 

►Presentation of results: An aspect of presenting results is the rounding-off of the 

answer. The important principle here is that the number of significant figures given 

indicates the precision of the experiment. It would clearly be absurd, for example, to give 

the result of a titrimetric analysis as 0.107846 M− no analyst could achieve the 

implied precision of 0.000001 in ca. 0.1, i.e. 0.001%. In practice it is usual to quote as 

significant figures all the digits that are certain, plus the first uncertain one. For 

example, the mean of the values 10.09, 10.11, 10.09, 10.10 and 10.12 is 10.102, and 

their standard deviation is 0.01304. Clearly there is uncertainty in the second decimal 

place; the results are all 10.1 to one decimal place, but disagree in the second decimal 

place. Using the suggested method the result would be quoted as:  

x ± s = 10.10 ± 0.01 (n = 5) 

If it was felt that this resulted in an unacceptable rounding-off of the standard 

deviation, then the result could be given as: 

x ± s = 10.102 ± 0.013 (n = 5) 
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where the use of a subscript indicates that the digit is given only to avoid loss of 

information. The reader could decide whether it was useful or not. 

***** 


